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1. INTRODUCTION

Many works have been devoted to the study of initial value problems for
neutral functional differential equations. See, for example Hale [2], Hale
and Cruz [3], Ntouyas, Sficas and Tsamatos [5] and the references
therein.

In this paper, we report and correct an error in the article by Ntouyas,
Sficas and Tsamatos [5]. In section 2, we will present some preliminary
results. Next, we will provide a counterexample to show that theorem 3.1
in [5] fails. We will also provide the necessary conditions to establish an
existence principle for the functional differential equation of neutral type:

d
dt

[x(t)&g(t, xt)]= f (t, xt), t # [0, T ]
(1)

x0=. # C([&r, 0], Rn)=Cr ,

where Cr is the Banach space of continuous functions from [&r, 0] into
Rn, f and g are continuous functions from [0, T ]_Cr into Rn, r is a fixed
positive scalar, and [0, T ] is the interval of existence of a solution. To do
this, we will use the same approach as in [5]. In section 4, we will present
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some general comments on how to establish the existence of periodic solu-
tions and solutions in the infinite delay case for equation (1). Finally, for
most of the notation that will be used, we refer the reader to [5].

2. PRELIMINARIES AND COMMENTS

The initial value problem associated with the equation (1) is: Given
. # Cr , find a continuous function x: [&r, T ] � Rn, such that x0=.,
t � x(t)&g(t, xt) is continuously differentiable and satisfies equation (1)
in [0, T ]. Note that x itself may not be differentiable on the interval of
existence.

If x is a solution of equation (1), then it satisfies the integral equation

x(t)=.(0)&g(0, .)+g(t, xt)+|
t

0
f (s, xs) ds, t # [0, T ]. (2)

Conversely, if x satisfies equation (2) and x0=., then x is a solution of
equation (1) with initial value ..

We recall that a function h: [0, T ]_Cr � Rn is completely continuous
iff h is continuous and the image of any bounded set in [0, T ]_Cr is a
bounded set in Rn.

Now let us recall the invalid result in ([1], theorem 3.1).

Theorem 1. Let f, g: [0, T ]_Cr � Rn be a completely continuous
function and g is such that the operator G: Cr � C([0, T ], Rn) defined by
(G.)(t)=g(t, .) is compact. Also assume that there exists a constant K such
that, &x&[&r, T ]=sup&r�t�T |x(t)|�K, for each solution x of

d
dt

[x(t)&*g(t, xt)]=*f (t, xt), t # [0, T ]
(3)

x0=.,

and any * # (0, 1). Then the initial value problem (1) has at least one solution
on [&r, T ].

For the proof of this theorem, the authors use a result of Scha� ffer, see
for example [1], concerning a homotopy in the Schauder theorem. The
argument proposed in the proof is not correct. Indeed, the authors propose
that the operator L: C([&r, T ], Rn) � C([0, T ], Rn) defined by (Ly)(t)=
g(t, yt+.~ t), where

.~ (t)={.(t),
.(0),

t # [&r, 0]
t # [0, T ]
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is compact. Their assertion is not correct, as can be shown by the following
counterexample.

Example 2. Let g(t, .)=.(&1), thus (Ly)(t)=y(t&1)+.~ (t&1). It
is clear that the operator L is never compact because of the infinite dimen-
sion of C([0, T ], Rn). However, G is compact. Hence, the compactness of
G is not sufficient to entail the theorem.

What is needed for the proof is the following hypothesis.

(H1) For any bounded set 4 in C([&r, T ], Rn), the set [t � g(t, xt):
x # 4] is equicontinuous in C([0, T ], Rn).

Theorem 3. Suppose that f and g are completely continuous and the
hypothesis (H1) is satisfied. Moreover, if there exists a constant K such that,
&x&[&r, T ]=sup&r�t�T |x(t)|�K, for each solution x of (3) and any
* # (0, 1), then the initial value problem (1) has at least one solution on
[&r, T ].

Proof. If x is a solution of equation (1), then y(t)=x(t)&.~ (t) is a
solution of the following equation,

y(t)= &g(0, .)+g(t, yt+.~ t)+|
t

0
f (s, ys+.~ s) ds, t # [0, T ]

(4)
y0=0.

Let B0 be the set defined by B0=[y # C([&r,T ], Rn), y0=0], and define
the operator K by

(Ky)(t)={
0, t # [&r, 0]

&g(0, .)+g(t, yt+.~ t)+|
t

0
f (s, ys+.~ s) ds, t # [0,T ].

To prove the above theorem, one needs to show the existence of fixed
points for the operator K. For, let us recall Scha� fer$s result.

Lemma 4. Let B0 be a convex subset of a normed linear space E and
assume 0 # B0 . Let F: B � B be a completely continuous operator and let

=(F)=[x # B0 : x=*Fx for some 0<*<1].

Then either =(F ) is unbounded or F has a fixed point.

In our case we need to show that K is completely continuous and
the first alternative is not satisfied. The hypothesis (H1) implies that
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&g(0, .)+g(t, yt+.~ t) is completely continuous. Since f is completely
continuous, the integral �t

0 f (s, ys+.~ s) ds is also completely continuous. In
fact, the image of every bounded set of C([&r, T ], Rn) is an equicon-
tinuous family and the Ascoli�Arzela theorem allows us to conclude that K
is completely continuous. To prove that K has a fixed point, it suffices to
show that the set =(F ) is bounded. For, let y # B0 such that y=*Ky for
some 0<*<1, from (4), and the change of variables y(t)=x(t)&.~ (t) we
get,

x(t)=.~ (t)&*g(0, .)+*g(t, xt)+* |
t

0
f (s, xs) ds

x0=..

That is, x is a solution of (3). Thus, since sup&r�t�T |x(t)|�K, we have
sup&r�t�T | y(t)|�K+sup&r�t�0 |.(t)| . And, the set

[ y # B0 : y=*Ky, for some 0<*<1]

is bounded. And by the above lemma, K has a fixed point in B0 which
proves the theorem.

Example 5. Suppose that for every M>0, there exists =>0 and a func-
tion W : [0, =] � R with limh � 0 W(h)=0, such that for every continuous
function x with values in Rn satisfying sup&r�t�T |x(t)|�M, we have
| g(t, xt)&g(s, xs)|�W( |t&s| ) with |t&s|<=. This implies that the set

[t � g(t, xt) : sup
&r�t�T

|x(t)|�M]

is relatively compact in C([0, T ], Rn).

Example 6. Let

g(t, .)=|
0

&r
h(t+s) .(s) ds,

where h: [&r, T ] � Rn is a continuous function. Let x # C([&r, T ], Rn)
such that sup&r�t�T |x(t)|�M, for some M>0. Then

g(t, xt)=|
0

&r
h(t+s) x(t+s) ds=|

t

t&r
h(s) x(s) ds,

thus, (d�dt) g(t, xt)=h(t) x(t)&h(t&r) x(t&r), which implies that

sup
&r�t�T }

d
dt

g(t, xt) }�2M sup
&r�t�T

|h(t)|.
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Hence the set [t � g(t, xt) : sup&r�t�T |x(t)|�M] is equicontinuous and
equibounded in C([&r, T ], Rn), and Ascoli�Arzela's theorem can be
applied.

3. FURTHER RESULTS

Consider the functional differential equation of neutral type:

d
dt

[x(t)&g(t, xt)]=f (t, xt), t # [0, T ]
(5)

x0=. # C((&�, 0], Rn)=C� ,

where C� is the Banach space of bounded continuous functions from
(&�, 0] into Rn endowed with the topology of uniform convergence [4].

(H2) Assume that f, g: [0, T ]_C� � Rn are completely continuous
and for every M>0 there exists a function W: [0, =] � R+ with
limh � 0 W(h)=0 such that for every function x with sup&r�t�T |x(t)|�M,
we have | g(t, xt)&g(s, xs)|�W( |t&s| ), for all t, s # [0, T ] with |t&s|<=.

Moreover, suppose that there exists a positive constant c such that
supt�T |x(t)|�c, for all solutions x of

d
dt

[x(t)&*g(t, xt)]=*f (t, xt), t # [0, T ]
(6)

x0=.,

and any * # (0, 1). Then, we have the following existence theorem:

Theorem 7. Assume the above. Then equation (5) has a solution defined
on (&�, T ].

Finally, to establish the existence of T-periodic solutions of the equation

d
dt

[x(t)&g(t, xt)]= f (t, xt), (7)

or

x(t)=g(t, xt)+.(0)&g(0, .)+|
t

0
f (s, xs) ds,
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where f, g: Cr � Rn are continuous and T-periodic in t. One can formulate
the problem as: Given an initial value ., find the time T map xT , that is
. � X(T, .)=xT , so that

X(T, .)(%)=g(T+%, X(T+%, .))+.(0)&g(0, .)+|
T+%

0
f (s, X(s,.)) ds

=.(%).

Now, let + # (0, 1) and consider the parametrized problem

d
dt

[x(t)&+g(t, xt)]=+f (t, xt), (8)

or

X+(T, .)(%)=+g(T+%, X+(T+%, .)+.(0)&+g(0, .)

++ |
T+%

0
f (s, X+(s, .)) ds=.(%).

(H3) Assume that there exists a positive constant M such that if x is
a T-periodic solution of (8) then |x|�M.

(H4) Assume that

deg \|
T

0
f (s, a) ds, B(0, M), 0+{0,

where B(0, M) is the ball of radius M and a is any constant function.
Then, one can show the following result.

Theorem 8. Under the above hypotheses, equation (7) has a periodic
solution.
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