










Then t h e r e  e x i s t s  an o rd ina ry  d i f f e r e n t i a l  system: 

t h e  s o l u t i o n s  of which a r e  s o l u t i o n s  o f  ( L )  , ( R )  v e r i f y i n g  (L3) : 

Ila(t ,=)ll  - < p . 
n Moreover, t h e  system (R) i s ,  wi th in  R -isomorphisms, 

uniquely determined by t h e  cond i t i ons  (L1), (L2) and (L3). 

F ina l ly ,  i f  Y(t)  i s  a  fundamental system of s o l u t i o n s  of ( R )  

(with t = 0) , then f o r  every s o l u t i o n  x  of  (L) t h e r e  e x i s t s  a 
0 

unique c  i n  R~ , such t h a t :  x ( t )  = Y(t)  (c + o(1))  . 
To prove t h e  theorem, we only have t o  come back t o  t h e  o r i g i n a l  

r e s u l t  by Ryabov. 

We f i r s t  r e c a l l  what Ryabov c a l l s  a  "spec ia l  so lu t ion" :  

DEFINITION ( [6] )  . A "spec ia l  so lu t ion1 '  i s  a  s o l u t i o n  of ( L )  , defined 

on R ,  growing a t  most exponent ia l ly ,  with an exponent n o t  g r e a t e r  

than  l /r  . 

Ryabov then  proved: 

LEMMA ( [ l o ] ,  [6] ) .  Assume (L1), (L2) and (L3). Then, f o r  each 

( toyyo)  i n  R x R" , t h e r e  e x i s t s  a  unique s p e c i a l  s o l u t i o n  pass ing  

through y  a t  to. The s e t  o f  t h e  s p e c i a l  s o l u t i o n s  i s  an n- 
o  

dimensional space. 

Each s p e c i a l  s o l u t i o n  y ( t )  s a t i s f i e s  an  e s t ima te :  



REMARK 2 .  The first part of this lemma means that such a system of 

solutions is complete. 

All we have to do in order to prove the theorem is: 

(i) observe that a complete family of special solutions is 

associated to an ordinary equation in R~ ; 

(ii) that there is uniqueness within isomorphism; 

(iii) prove the asymptotic formula (end of THM). 

We will prove (i) , skip (ii) and go very fast on (iii) . To prove (i) , 

let x be a special solution. It can be expressed as: 

Because of the uniqueness property stated in the lemma, we can see that, 

for each 0 in [-r , 01 , s in R , x (s + 8 )  is uniquely determined in 

terms of x(s), so that x(s) + x(s+e) defines a map G(s,e). 

Because of the lemma, we have: 

Using G, (5) can be written as : 

Let: g(s,x) = L[s,G(s,-) *x). We then have: dx/dt = ~(t,x(t)), 

which yields the first part of the theorem. Moreover: 



?Jr Il!l(s,-)il - < K e  = 11 ; so ,  we ge t  (L3). The l a s t  p a r t  o f  t h e  theorem 

has been proved by R.D. Driver [6] u s ing  "spec ia l  s o l ~ t i o n s . ~ ~  

We transform t h e  equat ion us ing  t h e  r e so lven t  Y( t , s )  of (R)  

( i n  f a c t ,  we use :  Y(t)  = Y ( t , O )  : x ( t )  = Y(t) z ( t ) ) .  

Using t h e  Gronwall-type i n e q u a l i t y  ( [ 1 ] , [ 3 ] )  we can s e e  t h a t :  

1 (d /d t )z  i s  i n  L ( t o , +  a ) ,  so  t h a t  z has a  l i m i t  a t  + w ,  and f o r  

each c  i n  W" , t h e r e  e x i s t s  a  s o l u t i o n  z  (and so a  s o l u t i o n  x) 

such t h a t :  z  ( t )  + c ,  t + + . 

4 .  CONCLUDING REMARKS 

Our theorem i s  a  p e r t u r b a t i v e  r e s u l t :  f o r  r =  0 ,  ( L )  i s  an 0 .d .c . .  

i n  R n .  For r > 0 small ( see  (LZ) ) ,  t h e r e  i s  s t i l l  an 0 .d .e .  sub-  

system o f  (L) -an 0 .d .e .  i n  R~ , t h a t  con ta ins  t h e  information on 

asymptotic behaviour.  Why now do we cons ider  a  formulat ion i n  terms 

of  o . d . e . ' s ?  In what way could t h i s  concept be more i n t e r e s t i n g  tharl 

t h e  one of s p e c i a l  s o l u t i o n s ?  The answer t o  t h e s e  ques t ions  can only  

be p a r t i a l .  In ( [ 2 ] ) ,  we combined t h e  0 .d .e .  formulat ion with r e -  

s u l t s  on asymptotic i n t e g r a t i o n  of  o . d . e T s  t o  g e t  asymptot ic  formulae 

f o r  func t iona l  d i f f e r e n t i a l  systems. 

Another i n t e r e s t i n g  f e a t u r e  i s  t h a t  (k) provides  u s  with a  

n a t u r a l  simple a d j o i n t  equat ion i n  (Rn)* , which i n  f a c t  can be used 

t o  desc r ibe  t h e  l i m i t i n g  behaviour o f  t h e  s o l u t i o n s  of (L).  Pre- 

c i s e l y ,  t h e r e  e x i s t s  a  fundamental s o l u t i o n  Y* of (R*) such t h a t :  

c  = l i m  < Y * ( t ) , x ( t ) >  (where c ,x  a r e  a s  i n  t h e  theorem). 
t++a  

On t h e  o t h e r  hand, t h e  not ion  o f  a  "subsystem" i s  s t i l l  

" theo re t i ca l , l l  i t  needs much more work t o  be r e a l l y  u s e f u l ,  and 



notably t h e  following quest ion can be s e t :  I s  it poss ib le  t o  ge t  such 

subsystems without t h e  intermediary of  spec ia l  so lu t ions?  
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