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The Two-Dimensional Attractor of a Differential
Equation with State-Dependent Delay
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The delay differential equation
6t)= —px(0)+ f(x(t=r)),  r=r(x(1)

with x>0 and smooth real functions f, r satisfying f(0)=0, /" <0, and r(0)=1
models a system governed by state-dependent delayed negative feedback and
instantaneous damping. For a suitable R >1 the solutions generate a semiflow
F on a compact subset Ly of C([ —R, 0], R). F leaves invariant the subset S of
¢ € Lx with at most one sign change on all subintervals of [ — R, 0] of length
one. The induced semiflow on S has a global attractor .. .</\{0} coincides with
the set of segments of bounded globally defined slowly oscillating solutions. If
o/ #{0}, then <7 is homeomorphic to the closed unit disk, and the unit circle
corresponds to a periodic orbit.

KEY WORDS: State-dependent delay; negative feedback; slowly oscillating
solutions; global attractor; discrete Lyapunov functional; asymptotic expansion;
Poincaré-Bendixson-type theorem.

1. INTRODUCTION
In this paper we study the state-dependent delay equation

X(t) = —px(t) + f(x(1=r)),  r=r(x(1)) (L.1)

where 1 >0, f and r are smooth real functions, r(0) =1, and f satisfies the
negative feedback condition &f(&)< 0 for all £#0. Equation (1.1) with
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r=1 appears in several applications (see, e.g., [ 15, 30, 34, 36, 37, 40, 52]
and references therein). Over the past several years it has become apparent
that equations with state-dependent delay arise also in several areas such
as in classical electrodynamics [18-22], in population models [7], in
models of commodity price fluctuations [8, 35], and in models of blood
cell productions [38].

In the case that r=1 Eq. (1.1) generates a semiflow on the phase space
C([—1,0], R). Under the additional assumptions f’' <0, sup f<oo or
inf f > — oo, the semiflow leaves the subset 7 of elements ¢ € C([ —1,0], R)
with at most one sign change invariant. A recent result of Mallet-Paret and
Walther [46] shows that the domain of absorption into 7 is open and
dense. Walther [ 49, 50] and Walther and Yebdri [ 51] described the global
attractor 4 of the induced semiflow on T either 4= {0} or A4 is a two-
dimensional C'-smooth graph which is homeomorphic to the closed unit
disk, and the unit circle corresponds to a periodic orbit. A solution is called
slowly oscillating if its zeros are spaced at distances larger than 1. 4 con-
tains 0 and the segments x(z+ -)e C([ —1, 0], R) of all bounded slowly
oscillating solutions x: R — R.

Recent results of Mallet-Paret and Nussbaum [41, 42], Mallet-Paret
et al. [43], Kuang and Smith [33], and numerical studies suggest that the
slowly oscillating solutions play an important role in the global dynamics
of (1.1) also in the case r # 1 for certain u, f, r.

Our goal in this paper is to describe the asymptotic behavior of the
slowly oscillating solutions of Eq. (1.1). The results obtained are in part
analogous to those of Walther [50] but in the proofs a variety of new
mathematical phenomena arises which is not present in the case r = 1.

In addition to the above conditions on u, f, r, we assume that
feCYR, R), ' <0, and sup f< oo provided r(u) >0 for all ueR.

Some basic existence, uniqueness, continuation, and continuous depen-
dence results for differential equations with state-dependent delay are con-
tained in [41, 43]. The results of [41, 43] are applicable to Eq. (1.1) and
give existence, uniqueness, etc., for solutions having values in a certain
compact interval. However, it is possible that there are slowly oscillating
periodic solutions of the equation outside the region guaranteed by the
results of [41, 43]. In this paper we are interested in the asymptotic
behavior of all slowly oscillating solutions of Eq. (1.1). A slight modifica-
tion of the technique of [41, 43] gives the existence, uniqueness, and con-
tinuous dependence results which are satisfactory for our purpose.

Let 1, denote the maximal subinterval of R with 0 e 7, and r(u) >0 for
allu e I,. Our first result is that for every bounded continuous initial function
¢: (—o0,0] - I,, there is a solution x: R — R of Eq. (1.1) through ¢, that is
x is continuous on R, continuously differentiable on (0, ), x|(_ . o;= ¢,
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and (1.1) holds for all #> 0. If ¢ is Lipschitz continuous, then x is unique.
Then we show the existence of positive constants 4, B, R, K such that

0<r(u) <R for all ue[—B, 4], max |—uu+ f(v)| <K
]

u,ve[—B, A

moreover, for every solution x: R — R belonging to a bounded continuous
initial function ¢ with ¢((— oo, 0]) = 1,, there exists s >0 such that

x(t)e[ —B, 4] for all t>=s

Consequently, as we are interested in the asymptotic (# » co0) behavior of
solutions, it suffices to consider only solutions with values in [ —B, A].

Let X denote the space of continuous real functions on [ —R, 0]
equipped with the supremum-norm. The set

P(1) — (s)
t

LK={¢eX: [ —ROT) <[ —B. 4],

<K for —R<s<l<0}

is a compact convex subset of X. For every ¢ e L, there is a unique
continuous function x%: [ —R, c0) » R such that x?|; _. o;=¢, x* is con-
tinuously differentiable on (0, o0), and x? satisfies Eq. (1.1) for all #> 0.
Then the relations

F(t,¢)=x? for t>0, x?(s)=x%t+s) for —R<s5<0

define a semiflow F on L.

Motivated by the conjecture, which is true in the constant delay case
[46], that the behavior of slowly oscillating solutions govern the typical
long-term behavior of the solutions of Eq. (1.1), we consider the compact
subset

S={peLlg:sc(¢,[t—1,1])<1forall te[—R+1,0]}

of Lg, where sc(¢, [t —1, ¢t]) denotes the number of sign changes of ¢ on
the interval [z —1, ¢]. All segments x, of slowly oscillating solutions x with
values in [ — B, A] belong to S. The set S is positively invariant under the
semiflow. The restriction of F to R* x S defines a semiflow Fg. Fg has a
global attractor .o/ which is a subset of the global attractor of the full semi-
flow F. o/ consists of 0 and the segments x, of the globally defined slowly
oscillating solutions x: R— [ —B, 4].

We prove a Poincaré—Bendixson-type result on .o/: the a- and w-limit
sets of phase curves in ./ are either {0} or periodic orbits given by slowly
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oscillating periodic solutions. The second main result is that in the case
o/ #{0}, the set .« is homeomorphic to the two-dimensional closed unit
disk so that the unit circle corresponds to a periodic orbit given by a slowly
oscillating periodic solution.

The paper is organized as follows. Section 2 gives the appropriate
framework for the study of the asymptotic behavior of solutions. An addi-
tional condition on r is introduced to guarantee that the function
t+—t—r(x(t)) is strictly increasing. For example, the smallness of 7' or con-
cavity of r is sufficient. This monotone property of ¢+ ¢ —r(x(¢)) plays an
important role in the proofs.

Section 3 contains results on the associated linear equation

W)= —uy(1) + ['(0) y(r=1) (1.2)

Although the map X3 ¢— —ug(0)+ f(d(—r(4(0)))) € R is not, in general,
differentiable, equation (1.2) can be considered as the linearization of (1.1)
at 0 (see Cooke and Huang [14] and also [9, 27]).

Section 4 introduces a discrete Lyapunov functional which counts the
sign changes of solutions over intervals of the form [¢—r(x(¢)),t]. We
need a modified version of the results of Mallet-Paret and Sell [44] on
discrete Lyapunov functionals in order to handle the state-dependent delay
case instead of the constant delay case. It seems to be crucial that the delay
r depends only on x(7) and not on x,. We prove an analogue of the a priori
estimate of Mallet-Paret [39], Cao [10], and Arino [4] which can be
used to show that slowly oscillating solutions do not decay faster than any
exponential.

Section 5 introduces the set S, the global attractor .o/, and intersection
maps associated with the compact convex subset

U={peLg:¢(s)=0 for all se[—1,0], ¢(0)=0}

of Lg. We find that .o/ n U is connected, which is an essential step in the
construction of a homeomorphism from .7 onto the closed unit disk.

Section 6 proves asymptotic expansion for slowly oscillating solutions
converging to zero as t — —oo. The related result for the constant delay
case is due to Cao [10].

Section 7 shows that if ¢, Y are different elements of ./ and x?,
x¥: R— R are the solutions through ¢, \, respectively, then the difference
x? —x¥ has at most one sign change on the interval [7—r(x%(t)), ¢] for
all e R. This fact guarantees the injectivity of a map from .7 into R? in
Section 8. The proof uses, among others, properties of slowly oscillating
periodic solutions obtained by Mallet-Paret and Nussbaum [41].
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The last two sections contain the two main results with proofs.

We remark that the results can be easily modified to the case u =0
and to the case when f'is bounded below. Only the construction of the con-
stants A, B, R, K in Section 2 is slightly different. So, Wright’s equation
[54] with state-dependent delay is a particular case.

We mention that related results on attractors for differential equations
with constant delay are contained in [11, 31, 32]. For other results on
functional differential equations with state-dependent delay we refer to
[1-3, 5, 6, 12, 13, 16, 23, 24, 28, 29, 47, 53, 55, 56].

Notation. The symbols N and R* denote the nonnegative integers and
reals, respectively. R and Z stand for the set of all reals and all integers,
respectively.

An upper index 7 denotes the transpose of a vector in R”.

A trajectory of a map g: M - N, M <= N, is a finite or infinite sequence
(X;)jernz>» =R an interval, in M with x;, ;= g(x;) for all jeIn Z with
j+lelnZ.

A simple closed curve is a continuous map ¢ from a compact interval
[a,b] =R, a<b, into R" so that c|[, ;) is injective and c(a) = c(b). The set
of values of a simple closed curve ¢, or trace, is denoted |c|. The Jordan
curve theorem guarantees that the complement of the trace of a simple
closed curve ¢ in R? consists of two nonempty connected open sets, one
bounded and the other unbounded, and |c| is the boundary of each of these
components. We denote the bounded component int(¢) and the unbounded
one ext(c).

Spectra of continuous linear maps 7: E — E are defined as spectra of
their complexifications. If a decomposition

E=F®G

into closed linear subspaces is given, then Prp: E— E and Prgs: E— E
denote the associated projection operators along G onto F and along F
onto G, respectively.

For given reals a, b with a <b, C([a, b], R) denotes the Banach space
of continuous functions ¢: [a, ] — R with the norm given by

H¢HC([a,b],R): max [¢(7)]

a<t<b

CY[a, b], R) is the Banach space of all Cl-maps ¢: [a, b] — R, with the
norm given by

H¢Hc1([a, b, R) = H¢HC([¢1, 1, R) T H¢HC([a, 51, R)
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2. THE EQUATION AND SOME BASIC PROPERTIES

Consider the equation

X(t)= —ux(t)+ f(x(t—r)) r=r(x(t)) (2.1)
under the hypotheses

wu>0

feCHR,R), f(0)=0, f'(u)y<0  forall ueR
re CY(R, R) and r(0)=1

sup{ f(u): ue R} < oo if r(u)>0 forall ueR

(HI)

For intervals /, J < R with /1< J, we say that x is a solution of Eq. (2.1)
n (7, J) if x: J— R is continuous, continuously differentiable on I, satisfies

t—r(x(t))eJ for all tel

and is such that (2.1) holds for all ze /. (If ¢ is an endpoint of I, then by
X(z) we always mean the appropriate one-sided derivative.)

Let I, be the maximal subinterval of R such that 0 € 7, and r(«) >0 for
all uel,.

Let BC((— o0, 0], 1,) denote the set of bounded continuous functions
on (— oo, 0] with values in 7,.

The following results on the existence, uniqueness, and continuous
dependence of solutions can be obtained by using the technique of [41, 43].
We need a slight modification of the results of [41, 43] since we want to
study the asymptotic behavior of all slowly oscillating solutions of Eq. (2.1).

Proposition 2.1.

(i) If e BC((— o0, 0], 1,), then there exists a solution x of (2.1) on
([Oa OO), R) with x|(7oo,0] =¢

(ii) If $eBC((—0,0],1,), ﬂe(O, o] and x is a noncontinuable
solution of (2.1) on ([0, B), (—o0, B)) with x| _y o3=¢, then
p=c0 and x(t)el, for all te R.

(iii) If € BC((— o0, 0], I,) is Lipschitz continuous and x, X are solu-
tions of (2.1) on ([0, ), R) with X|(_ o, 01=¢ = X|(_c, 07, then
x(1)=x(t) for all teR.

Proof. 1. Let ¢ € BC((— o0, 0], I,) be given. Define

my=min{0, inf{¢(s): s<0}},  Mz=max{0, sup{d(s):s<0}}
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First, we determine two positive constants C,; and D, such that
[my, My] =[ —Dy, C4] =1, and any solution x of (2.1) on ([0, f), (—c0, ))
with x| _, o7 = ¢ satisfies

x(t)e(—Dy, Cy) for all te(0, ) (2.2)

Let —be[ —o0,0) and ae(0, o] denote the (possibly infinite) endpoints
of I,. Let I} denote the maximal subinterval of R such that r(x) > 0 for all
uel}.Choosec,de (0, oo]suchthat I+ =(—d, ¢). Clearly, —oo < —b< —d
<0O<c<a<wand —b<m,; <0< My<a. In the definition of Cy and D,
we distinguish four cases.

Case 1. c¢< o0, d<oo. In this case we choose C, and D, such that
. 1
C,=min {a, max {c, M¢,1+;f(m¢)
and
. 1
— D, =max { —b, min —d,m¢,—1+;f(M¢)
Case 2. c¢= 00, d<oo. In this case first we define D, such that
. 1
— D, =max ¢ —b, min —d,m¢,—1+;f(M¢)
Then choose C, such that
1
Case 3. c¢< oo, d=o0. In this case we first define C, such that
. 1
C,=min {a, max ¢, M¢,1+;f(m¢)
then choose D, such that

— Dy <min {m(ﬁ, Lf(Cq,)}
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Case 4. c¢=d=o0. Then I =(— o0, c0) and, by (H1), sup f< c0.
So we may choose C, such that

1
C, > max {Mgb,ﬂsupf}

and then D so that
. 1

Now we prove (2.2). First, observe that —b< —D,<m;<M,<C,<a
because of the definition of Cy and D,. Therefore, x(t)e [ —D,, C4] for all
t<0.

Another observation, from Eq. (2.1) and (H1), is that

te[0,8), x()>0,  r(x(1))
te[0,8), x(t)<0, r(x(¢))=0  imply x(¢)>0

0 imply X(7)<0
Py (2.3)

If (2.2) is not true, then there exists z,€ [0, ) such that x(1)e[ —D,, Cy]
for all #<1t, and either x(z,) = C,, X(o) =0 or x(zy) = — Dy, X(t,) <O0.

Assume that x(¢)e [ — Dy, C4] for all t<1t,, x(t5) = C4 and x(¢,) = 0.
Then r(x(¢)) >0 for all 1<t, because of [ —D,, C,]<1,. From (2.3) it
follows that r(x(z,)) > 0.

In Case 1, the facts r(a) =0 provided a < oo, r(c) =0, r(x(ty)) >0, and
the definition of C, combined imply ¢ < C, <a. We also have x(¢) #0 for
all 1€ [0, t,), since x(¢,) =0 for some t; €[0, ¢,) and (2.3), r(c) =0 together
would imply x(#) <c<C, for all te[t,, ), contradicting x(¢y) = Cy. In
particular, x(¢t)>m, for all t<t,. Then, using Eq. (2.1) and that C,>
(1/u) f(my), we obtain

X(tg) < —puCy+ f(my) <0

a contradiction.
In Case 2, from —D, < x(¢) for all <1¢,, Eq. (2.1), and the definition
of Cy, it follows that

X(to) < —uCy+ f(—Dy) <0

a contradiction.

In Case 3 the same proof works as in Case 1.

In Case 4, by Eq. (2.1) and the definition of C,4, we again obtain the
contradiction x(z,) <0.
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In the case when x(f)e[ —Dy, Cy4] for all 1<t,, x(ty)=—D, and
X(29) <0, we can get a contradiction in the same way as above. Therefore,
(2.2) holds.

We modify the right-hand side of Eq. (2.1) and r outside the sets
[—D,, Cylx[ =Dy, C4] and [ =Dy, C,], respectively. Let

g(x, y) = —ux(x)+ f(x(y)),  F=r(x(x))
where

-D, if x<—-D,
K(x)=<x if —D,<x<Cy
C, it x>Cy

Consider the equation
X(1) = g(x(1), x(2), x(1 = 7)), F=F(x(1)) (24)

Let R=max{r(u):ue[—D,, C,]} and let C=C([—R 0],R) be the
Banach space of continuous functions equipped with the maximum norm.
It is easy to see that the mapping €3y — g(W(0), y(—7((0)))) € R is con-
tinuous~and there exists ¢; >0 such that [g(y)| <c¢; max,.;_z o7 [W¥(s)| for
all € C. Therefore, the existence theorem of [ 26, Chap. 2] can be applied
to Eq. (2.4).~Let ¢ e C be such that $:~¢| [ _R o07- Then Eq. (2.4) has a solu-
tion X: [ — R, c0) —» R with X|; _z o7 = ¢. Since the right-hand sides of (2.1)
and (2.4) are the same on [ =Dy, C4] x[ =Dy, C4], and the functions r
and 7 are the same on [ —D,, C4], the proof of (2.2) works also for X to
show that X(#)e(—Dy, Cy) for all >0. Then the extension x of X to R,
such that x| _, o7 =¢ and x|; _z o, =%, is a solution of (2.1) on ([0, o0), R)
with X|_, o7 =¢. This completes the proof of (i).

2. Now let x be a noncontinuable solution of (2.1) as in (ii). Rela-
tion (2.2) holds for this x. Therefore, the restriction of x to the interval
[ —R, p) is also a noncontinuable solution of Eq. (2.4) on [ —R, f8). Since
lg(W)| <cymax,.; g oy lY(s)| for all ye C, the continuation theorem of
[26] gives = co.

3. To prove the claim of uniqueness in (iii), assume that x and x are
solutions of Eq. (2.1) on ([0, ), R) with x| _. o7=¢=X[(_c, 0y- For
both solutions x and X, (2.2) is satisfied with = co. Therefore, we may
choose M > u such that x and x are Lipschitz continuous on R and £, r are
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also Lipschitz continuous on [ —D,, C,;] with Lipschitz constant M. Let
w(t)=x(t)—x(1), n(t)=t—r(x(t)), and 7(t) =t —r(x(¢)). Then

(1) = —uy(t) + flx(n(1)) = A(xX(7(1)))

and

YOI <p |y(O)] +1£(x(n(2))) = f(x(7(2))]
SM | y()] + M |x(n(2)) — x(n(2)| + M |x(5(1)) — x(57(1))]|
SM | p(0)] + M |y(n(0)] + M3 | y(1)]|

Hence with z(#) =max, o, 4 [1(5)],
t
(1< [ (M3 +2M) =(s) ds
0

<jT(M3+2M)z(s)ds forall 0<i<t
0
Then
z(r)gr(Mz’—i—ZM)z(s)ds for all 730
0

and the Gronwall lemma implies z(7) =0 for all z>0. This proves the
uniqueness. O

Now we need the following two simple observations about the
asymptotic behavior of the solutions of (2.1).

Lemma 2.2.

(i) If toeR and x is a solution of Eq. (2.1) on ([t,, ), R) with
x(R) <1, such that x has no zero on [t,, o), then x(t)—0 as
t— 0.

(ii) If x is a bounded solution of Eq. (2.1) on (R, R) with x(R)<=1,,
then there is a sequence (t,)s° such that t,—» — oo as n — oo and
x(t,)=0 for all neN.

Proof. 1. The proof of (i). By the proof of Proposition 2.1, there
are constants Co, Do € (0, o0), depending on x[_, ., such that x(7)e
[ =Dy, Co] for all reR. Let Ry=max{r(u):ue[ —Dgy, Col}. If x(s)>0
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for all s>1¢y, and ¢ >1ty,+ R,, then, from Eq. (2.1) and hypothesis (H1), it
follows that x(¢) <0. Therefore, x(¢) converges to some a>0 as ¢ — oo.
Suppose «>0. Then, by Eq. (2.1) and (H1), X(¢) > —ua+ f(a) <0 as
t — oo, a contradiction. The case, when x(s) <O for all s >¢,, is analogous.

2. The proof of (ii). By the boundedness of x, there are constants
Cy, Dy (0, 00) such that x(¢) e[ —D,, Cy] for all e R. Suppose that the
statement is not true. Consider the case when x(¢) > 0 for all # < ¢, for some
to € R. Then, by (H1),

X(1) = —pux(2) + f(x(1 —r(x(2))) < —ux(1), <1
Hence
0 < x(to) <x(t) e #h=0 L Che =1 1<ty

Letting 1 — oo, we obtain that x(¢,) =0, a contradiction. The case x(7) <0
for all t<1t,, is analogous. O

Now we show that all solutions of Eq. (2.1) with initial values in

BC((— 0, 0], I,) are eventually in a finite interval.

Proposition 2.3. There exist positive constants A, B, R, K such that:
(i)
R>max{r(u):ue[ —B, A]}
min{r(u):ue[ —B, A]} >0
K>max{| —puu+ f(v)|: (u,v)e[ —B, A]x[ —B, A]}

(ii)  For each solution x of (2.1) on ([0, 00), R) with x| _,, oj=¢€
BC((— o0, 0], 1,), there exists s =0 such that

x(t)e[—B, A] forall t=s
(iii) If ¢eC([—R,0],[—B, A]) is Lipschitz continuous with
Lipschitz constant K, then there exists a unique solution x of
(2.1) on ([0, ), [ =R, o©0)) with x|; _g o1=¢ and this solution

satisfies

x(t)e[ —B, 4], |x(1)| <K, for all t=0
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(iv) If x is a bounded solution of (2.1) on (R, R) with x(R) < I,, then
x(R)yc[—B, 4].

Proof. 1. The proof of (i). First, we define two constants C >0 and
D > 0. As in the proof of Proposition 2.1, ¢, d € (0, oo ] are chosen such that
r(u)>0 for all ue(—d, ¢) and c<oo implies r(c)=0, d<oo implies
r(—d)=0. In order to define C and D, we distinguish four cases.

Case 1. If c<oo and d< oo, then let C=c¢ and D =d.

Case 2. If c=o00 and d< oo, then let D =d and choose C such that
C>(1/u) f(=D).

Case 3. If c< oo and d= oo, then let C=c¢ and choose D such that
=D <(1/p) f(C).

Case 4. If c=d= oo, then, by (H1), sup f< oo. Choose C such that
C>(1/u)sup,cr f(u) and D such that —D < (1/u) f(C).

Set
K=max{|—puu+ f(v)|: (u,v)e[—D, C]x[—D, C]}

and let L =max{|f"(u)]:ue[ —D, C]}.
Now we define the two positive constants 4 and B. Let

A=C if c=w
and

B=D if d=ow
In the case that ¢ < o0, choose 4 €(0, ¢) such that

uA

ru) < LK

for all ue[A,c]

If d < oo, then choose Be (0, d) such that

uB

r(u) < LK

for all ue[ —d, —B]

The existence of 4 and B in the cases ¢ < oo and d < co follows from the
continuity of r and r(¢)=r(—d)=0.
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Let

R=max{r(u):ue[ —D, C]}

ro=min{r(u):uel —B, A]}

Clearly, r, >0 and (i) is satisfied.

2. The proof of (ii). By the proof of Proposition 2.1, there are con-
stants C,, D, € (0, o0) such that x(¢)e[ —D,, C4] for all teR. Let R, =
max{r(u): ue[ —Dy, Cy1}.

If there exists #,>0 such that x has no zero on [f,, o0), then
lim, _, , x(¢) =0 because of Lemma 2.2(i). Therefore, x(¢) e[ — B, 4] for all
large .

Assume that x has arbitrarily large zeros. Pick two zeros z,, z, of x
such that z, >z, + R,, z; = 0. Then (2.3) can be used to get that

x(t)e(—d, c) for all t>z, (2.5)
We want to prove that
x(t)e(—D, C) forall t>z, (2.6)

We follow the four cases of the definition of C and D.

Case 1 is clear from (2.5).

In Case 2, (2.5) implies that x(¢) > —d= —D for all t>z,;. Thus, it
suffices to show that x(¢#) = C and ¢ >z, imply X(#) <0. Indeed, this is the
case by Eq. (2.1) and C> (1/u) f(—D).

Case 3 is analogous to Case 2.

In Case 4, if x(¢)< C for all 1>z, does not hold, then there is a
smallest 7>z, such that x(z)= C. We have x(¢) >0 because of the defini-
tion of 7. On the other hand, x(¢) = C and the definition of C imply X(#) <
—uC+sup <0, a contradiction. Consequently, x(¢) < C for all r>z,. If
t>z, and x(¢) =D, then, using the definition of D, we find X(¢) > uD +
f(C)>0. Therefore, x(¢1) > — D can be obtained for all 1> z,. Thus (2.6)
is proved. As a consequence, x is Lipschitz continuous on [z, + R, c0) with
Lipschitz constant K.

In order to complete the proof of (ii), we need the following claim.

Claim. Assume that x is a solution of (2.1) on ([0, o0), R) with
X|(—,00=¢€BC((—00,0],1,), there exists 7,>0 such that x(¢)e
[—D,C] for all te[ty—R, t,] and x is Lipschitz continuous on
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[to— R, t,] with Lipschitz constant K. Then x(¢)e[ —D, C] for all 1> ¢,,
there exists 7> 0 such that x(¢)e[ —B, 4] for all t>1t,+ T, and

x(tg) e[ —B, 4] implies x(¢)e[ —B, 4] forall t>¢,

Proof of the Claim. Assume that x(¢f)e[ —D, C] for all t>1t, does
not hold. Then there exists 7>1¢, such that x(s)e[ —D, C] for all
se[to— R, t] and either x(¢)=C, X(¢) =20 or x(¢t)= — D, X(t) <0. We can
get a contradiction exactly in the same way as in the proof of (2.6). There-
fore, x(t)e[ —D, C] for all t>¢,. If A=C and B= D, the proof is com-
plete. Assume that 4 < C. Let s > ¢, be such that x(s) e[ 4, C]. Using the
definition of 4, we have

X(s) = —ux(s) + f(x(s —r(x(s))))
= —ux(s) + f(x(5)) + f(x(s = r(x(5)))) = f(x(s))

S
< —pd + [ f(x(s —r(x(s)))) — f(x(s))]
< —pd+ L [x(s —r(x(s))) — x(s)]
< —uA + LKr(x(s))
A A
< pdT ﬂz ﬂ?

Then it is easy to see that x(¢#) < 4 for all t >¢,+2(C— A)/(uA). Moreover,

x(ty) <A implies x(¢) < A4 for all 1>=1¢,. In the case B< D, we get analo-

gously that x(¢)> — B for all t>ty+2(D — B)/(uB) and that x(t,) > — B

implies x(¢) = — B for all ¢ >¢,. This completes the proof of the claim.
Obviously, the Claim implies (ii).

3. The proof of (iii). Statement (iii) also follows from the above
claim. Indeed, extending x to R with x(¢)=x(—R) for t< — R, we can
apply the Claim with 7,=0 to get x(¢)e [ — B, A] for all £>0. The estima-
tion for |X(z)| is an obvious consequence. The uniqueness comes from
Proposition 2.1.

4. The proof of (iv). If x is a bounded solution on (R, R) with values
in /,, then Lemma 2.2 (ii) implies that x has arbitrarily large negative
zeros. Hence, in the same way as in the proof of (2.5) and (2.6), we get first
that x(7)e(—d, ¢) and then that x(z)e[ —D, C] for all teR. Since the
Claim can be applied with any 7z, € R, it is obtained that x(z)e [ — B, 4] for
all teR. O

On the basis of Proposition 2.3, in the remaining part of the paper we
consider only solutions with values in the interval [ — B, A]. We define a
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suitable phase space and show that Eq. (2.1) generates a continuous semi-
flow on this phase space.

Let X=C([ —R, 0], R) denote the Banach space of continuous func-
tions on [ —R, 0] with the maximum norm denoted by | -||. Define

Ly={peX: —B<P(s)<A, |p(1)—¢(s)| <K |t—s|forallz,se[ —R, 0]}

(The constants A, B, R, K are given in Proposition 2.3.) By the Arzela—
Ascoli theorem, L is a compact convex subset of X.

If a>0, xeC[(ty— R, ty+a), [ —B, A]), and x is Lipschitz contin-
uous on [ty — R, ty+ a) with Lipschitz constant K, then, for €[ ¢,, t,+ a),
x, € Lg is defined by x,(s) =x(t+s), —R<s<0. In the following, for given
peLg, x*: [ =R, o0) — [ —B, A] denotes the unique solution of (2.1) on
([0, 0), [ — R, 0)) with x$=¢ guaranteed by Proposition 2.3. Define

F:[0,00)xLga(t,¢)>x%eLg

Proposition 2.3 shows that F is well defined and maps [0, c0) X L into L.
It is easy to check that, for every ¢ e Lg, the function [0, c0)3¢+—>
F(t, ¢) e Lg is continuous and F(t+s, ¢) = F(t, F(s,¢)) for all ¢, s€[0, o).
The continuity of F in ¢ and more are contained in the next lemma.

Lemma 2.4. If (¢") is a sequence in Ly, €Ly, |¢"—¢| -0 as
n— o0, and x", x denote the solutions of Eq. (2.1) on ([0, c0),[ —R, o))
with x5 =¢", xo=4¢, respectively, then for any T >0,

x"(t) - x(1) as n— oo uniformly in te[ —R, T]
X"(t) = X(¢) as n— oo uniformly in te[0, T]

Proof. If the first statement does not hold, then there exists ¢ >0 and
a subsequence (n;)5° such that

sup |x™(t)—x(t)| =0 for all keN

—R<t<T
By the Arzéla—Ascoli theorem, there is a subsequence (n,);2, of (n,)g” with
x"a(t) — y(t) as [—- o0 uniformly in fte[ —R, T']

for some ye C([ =R, T],[ —B, A]) which is also Lipschitz continuous
with Lipschitz constant K and y|; _g 777 X|[ _g 77- It is easy to see that y
is a solution of Eq. (2.1) on ([0, T'], [ — R, T']) with y, = ¢. This contradicts
the uniqueness.
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The second statement follows from the first one and

|X"(2) = X(0)] < g [x"(1) = x(0)| + | f(x"(2 = r(x"(1)))) = flx(z = r(x(2))))]
S x(t) = x(0] + Ly |x"(1 = r(x7(2))) — x(£ = r(x"(1)))]
+ Ly [x(t —r(x"(1))) — x(t = r(x(2)))]
S |x"(t) = x(O] + Ly |x"( = r(x7(2))) — x(£ = r(x"(1)))|
+ LK |r(x"(1)) —r(x(2))]
S (1) = x(O] + Ly |x"(t = r(x7(2))) — x(£ = r(x"(1)))]
+ LKL, [r(x"(2)) — r(x(1))]

S(u+ L+ L,KL,) max [x"(s)—x(s)], 0<t<T

—R<s<T

where L,and L, are Lipschitz constants for fand r on the interval [ — B, 4].
U

As a consequence, we obtain that F is a continuous semiflow on the
compact metric space Lg.

The increasing property of the function #+ #(t) =t —r(x(t)), where x
is a solution of Eq. (2.1) with values in [ — B, 4], plays an important role
in the theory. Either one of the following two hypotheses guarantees
#(t) >0 for some interval.

1
|r’(u)|<E for all ue[ —B, 4] (H2)

{re C*([ — B, A], R) and there exists a € (0, 1) with
" (u) < ap(r'(u))* forallue [ —B, A]} (H2')

Condition (H2') was introduced by Mallet-Paret and Nussbaum [41].
The advantage of (H2') comparing to (H2) is that it is independent of £,
and if it holds for some u,> 0, then it holds for all u > p,. This was impor-
tant in [41], where a singularly perturbed equation was considered.

In the remaining part of the paper we always assume that, in addition
to (H1), either (H2) or (H2') holds.

Lemma 2.5. Let tyeR and let x: [ty— R, 0)—> [ —B, A] be a solu-
tion of (2.1) on ([ty, ), [to— R, 0)). Suppose X(p)=0 for some p = t,.
Then (d/dt)(t —r(x(t)) >0 for all t= p.
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Proof. Set 5:[t,, 0)3t+—>1t—r(x(t))eR. If (H2) is assumed, then
H(t)=1—r"(x(t)) xX(¢t) =1—|¢r'(x(2)) X(t)] >1—(1/K) K=0 for all t>¢,.

Assume that (H2') holds and let p =1, with X(p)=0. Then 7j(p)=
1—r(x(p)) X(p)=1. We show that #(z) >0 for all > p. If this is false,
then define

ty=inf{r>p :4j(1)=0}
At t=1t, we have 7(t;) =0, r'(x(¢;) X(¢;) =1, and so

d? d?
ﬁn(l‘l) = —r"(x(1))(X(11))? = ' (x(1,)) ?x(l‘l)
= —1"(x(t)(r'(x(21))) ">+ u

The definition of ¢, implies (d?/dt?) (t,) <0. So, it follows that at u = x(t,)
we have r"(u) > u(r'(u))? which is a contradiction since r'(u)=r'(x(t,))
#0. O

The next lemma gives an equation for the difference of two solutions
of Eq. (2.1). This fact enables us to define a discrete Lyapunov functional
as a basic tool. The fact that the dependence of the delay on the state is of
the form r(x(¢)) seems to be crucial.

Lemma 2.6. There are negative reals oy<oy with the following
properties. For all solutions x,y of Eq. (2.1) on (R, R) with x(R)c
[—B,A] and y(R) <[ —B, A], there exist continuous functions a: R — R
and o: R - R such that o(R) = [y, o0y ], a is bounded, and the function

v:Rat— [x(t)— y(2)] exp < —Lt a(s) ds>e R

satisfies
o(t)=a(t) v(t—r(x(1))) for all teR
Proof. Define the real numbers a,, b,, b;, o, and o; by

ap=p+K max [f'(u)] max [r'(u)
ue[ —B, 4] ue[ —B, A]

b= min f'(u), by= max f'(u)
uel[ —B, A] uel[ —B, A]

oy = boe™k, o, =b e %R

Then oy <a; <O0.
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Set

z2Rotx(t)— () eR

@3t = == [ UL =51 He= 00 + st =)} ds
x [T =310 = ) + st = ()} ds
xjolr’{[l—s]x )+sp(1)} dseR

b: Ratr—»JOI SALL =51 p(t—r(x(2))) +sx(t —r(x(2)))} dse R

Clearly, z, a, b are continuous functions and
la(?)] <aq, bo < b(t) < by, for all reR
It is not difficult to see that z is continuously differentiable and satisfies

Z2(t)=ual(t) z(t) + b(t) z(t — r(x(2))) for all reR

Setting

v: [R?atn—»z(l)exp<—fta(s) ds> eR
0

we obtain that v is continuously differentiable and

v(t) =b(t) exp < — f o a(s) ds> v(t—r(x(2))) for all reR

t
cx:Ratr—»b(t)exp(I (())a(s)ds)eR
t—r(x(z

Then « is continuous, and by using the bounds on «, b and the inequality
0<r(x(t)) <R, teR, we conclude a(R) = [og, a;]. O
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Backward uniqueness also holds for the solutions of Eq. (2.1) in the
following sense.

Lemma 2.7. If x, y are solutions of Eq. (2.1) on (R, R) with x(R) <
[—B,A], R)c[—B, A], and x,= y, for some s€ R, then x(t)= y(t) for
all teR.

Proof. Clearly x,, y,€ Ly for all 1€ R. Proposition 2.3 yields x(¢) =
y(t) for all t=s— R. Let

to=inf{z: x(u) = y(u) for all u>1}

It is enough to shown that ¢, = — co. Suppose 7, > — co. We apply Lemma 2.6.
It follows that v(¢) =0 for all > ¢,. In particular, ¥(¢) =0 for all  >¢,. The
differential equation for v and the fact that « <0 combined yield

v(t—r(x(2)))=0 for all t>1¢,

By Proposition 2.3(i) we have ro=min,.[_p 47 7(u)>0. Consequently,
v(t)=0 for all £ >t,—r,, which contradicts the definition of ¢,. O

Since F is a continuous semiflow on the compact metric space Lg, it
follows from [25] that, for every ¢ e Ly, the solution x?: [ —R, ®0)—
[ —B, A] has a nonempty w-limit set

o(¢) = { € Lg: there is a sequence (7,)¢ in R* such that

t,— oo and F(t,,¢) >y asn— oo}

which is compact, connected, and invariant. If ¢ € Ly and there is a solu-
tion x: R—>[ —B, A] of (2.1) on (R, R) such that x,=¢, then Lemma 2.7
implies that x is unique. For such a ¢ € Lg, the a-limit set

a(¢) ={y € Lg: there is a sequence (7,)¢ in (— o, 0] such that

t,— —ooand x, >y asn— o}

is nonempty, compact, connected, and invariant. By Lemma 2.7, the
invariance of the a- and w-limit sets means that, for each ¥ ea(¢)
(Y € w(¢)), there is a unique solution y: R—>[ —B, 4] of (2.1) on (R, R) so
that y,=y and y,ea(d) (y,ew(¢)) for all teR.

In case ¢e Ly and there is a solution x on (R, R) with x(R)c<
[ B, A] and x,= ¢, we also use the symbol x? to denote such a solution.
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3. A LINEAR AUTONOMOUS EQUATION

The linear autonomous equation
x(1) = —px(t) + f(0) x(1 —1) (3.1)

can be associated with solutions of Eq. (2.1) tending to zero as t - oo or
t > —oo. We recall some basic facts.

The phase space is C= C([ —1, 0], R) with the maximum norm |- | ..
For each ¢ € C, there exists a unique solution of (3.1) starting from ¢.
Namely, there exists a unique continuous x%:[ —1, 00) > R such that
x| _1.0y=¢, and x?: [0, c0) - R is differentiable and satisfies (3.1). Back-
ward solutions, if they exist, are also unique in the following sense: if 7 is
an interval on R and x, y are continuous on |J,.;[t—1,¢], are C! on I,
satisfy (3.1) on I and x(z+s)=y(t+s), —1<s<0, for some tel, then
x(u)=y(u) for all ue {J,.;[t—1, t]. For each (¢, $) e [0, co) x C, defining
T(1)¢p =, where Y(s)=x?(1 +5), —1<s5<0, (T(1)),50 is a linear Cy-semi-
group on C. T(1) is a compact operator. The spectrum X ={1eC: 1+u
—/"(0)e=*=0} of the generator of (7()),s, consists of complex con-
jugate pairs of eigenvalues in the double strips S, given by

2kn < |Im(A)| < 2kn + =, k=1,2,.
and at most two eigenvalues in the strip S, given by
Im(1)| <=
the total multiplicity of X' in S, is 2.
We have
max Re< G (ZnSy) ><min Re(2n Sy)

Let L and Q denote the realified generalized eigenspaces associated with
the spectral sets 2 n .Sy and (J°_, (2 nSy), respectively. Then

C=L®Q

dim L =2, and both L and Q are positively invariant under the maps 7'(¢).
Let T.(¢) and Ty(t) denote the restrictions of 7'(¢) to L and Q, respec-
tively. 7,(¢) can be defined for all ze R so that 7, is a flow on L.

Let u,=max Re(2' n S,). Define

v(u)e‘(;,ﬂ> by o()= —u tan(v(n))
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Then

Uy <0 for f’(0)>m
w=0 at f10)=
uy>0  for f'(0)<7cos(’;(m)

If uy >0, then X' NS, consists of a complex conjugate pair {u,+ ivy} with
vy € ((7/2), 7).

The standard notation Xx, is occupied to denote an element of
C([ —R,0], R). If x a solution of (3.1) on Jfand [t —1, t] =/, then x, ,e C
is defined by x, o(s)=x(t+s), —1<s<0.

A solution of (3.1) is called slowly oscillating if for every pair of zeros
z' >z, we have z/ —z> 1.

Lemma 3.1.

(i)

(ii)

(iii)

(iv)

(v)

If $ € L\{0} then the unique solution x*: R — R of (3.1) is slowly
oscillating on R.

If uy<0 and z: (— o0, 0] > R is a solution of (3.1) with
Iz, clc<llzo, cllc Jor all t<0

then z(t) =0 for all t<O0.
If uy=0 and z: (— o0, 0] - R is a solution of (3.1) with

lz, clle<lzo,clc=1 Jor all 1<0

then z has at most one sign change on the intervals [t —1, t] for
all t<0.

If uy>0, e>0 and z: (— o0, 0] > R is a solution of (3.1) with
Iz, clle<e®*@ |z ol forall 1<0

then z(t) =0 for all t<O0.

If uy>0 and z: R— R is a slowly oscillating solution of (3.1)
with

|z(t)| <k, e forall teR

Jor some k>0 and k,>0, then z, € L for all teR.
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Proof. 1. The proof of (i) is elementary, and it can be found, e.g.,
in [50].

2. The proof of (ii). There exist K;>0 and J>0 such that
uy+0 <0 and

IT()]| < Kje™*?r, >0
For 0 <1<0, we have z, .=T(t—0) z,, ¢ and thus
”Zt,CHC: IT(t—0o) Za,c|‘c<Kle(u°+5)(t_a) ”Zo,CHC
SKle(uoﬂs)(t_a) HZ(),CHC_’O
as 0 — —oo. Therefore, z, ~=0 for all 1<0.
3. The proof of (iii). There exist K, >0 and J > 0 such that
ITo()| <Kze™,  t=0
If 6 <t<0 and Zu,C:ZgC+ZiC with Z%CE 0, ZiCEL, then
”ch”c: [To(t—0a) ZUQ,ch< [To(t—0) HZ?,ch
<K [Tt —=0)| l|zo, cll e < K3 | To(1 = 0)| [lzo, cll

<K,K,e 2= 0

as ¢ > —oo, where K5,>0 is a bound for the norm of the projection
operator from C onto Q along L. It follows that z, ~e L for all £<0.
z, ¢7#0 since [|zg, ¢|| = 1. Thus (i) can be applied to get the statement.

4. The proof of (iv). There exist d € (0, ¢) and K;> 0 such that
IT()] < Kse®*®, 120
Then for 1 <0

lzo,cllc=1T(—1) Zt,c‘|c<K33(u°+5)(_t) Iz, cllc

S Kyt 00ttt |2y (| o= K3e© 2" ||zo ||

Hence, for sufficiently large negative ¢, |z, | =0 follows. Then z(¢) =0 for
all 1 <0.

5. The proof of (v). Consider another decomposition,

C=0@L
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of C into T'(1) positively~ invariant subspaces such that Re /. < —k, for all
A€ associated with Q. Then there exists a>0 such that Re i< —«
< —k, for all 1€ associated with Q and

ITo(t)| < Kse™™, 120
We have z, o=z2 .4z . with z2 €0 zL .eL. Then, for o<1
t,C 1, C t, C t, C > “1,C . > b

Iz2clc=1Ta(t—0) 22 cll S KyKye ™~ Dk, e 1!

=K,K, ke k) (

as g > —oo, where K,>0 is a bound for the norm of the projection
operator from C onto Q along L. Therefore, z, ~€ L for all e R. Conse-
quently,

N
Z “sin(v,t + by)

for some nonnegative integer N such that a, #0. For large negative ¢, the
term with greatest index is dominant in this sum. Since sin(vy?+ by) has
zeros at distances 7/|vy| <1 for N>1 and z is slowly oscillating, it follows
that N=0, and thus z, e L for all reR. O

4. A DISCRETE LYAPUNOV FUNCTIONAL

In this section we define a discrete, integer-valued Lyapunov func-
tional. For equations with constant delay, Mallet-Paret [ 39] introduced a
discrete Lyapunov functional. A more general version is contained in [44].
The state-dependent delay requires a modified version of the functional. We
have to count sign changes of solutions x of Eq. (2.1) on intervals of the
form [¢—r(x(2)), t] instead of on intervals with fixed length.

Let [a, b] be an interval and ¢ be a real-valued continuous function
defined on an interval containing [a, b] such that ¢|, ,;#0. Then the
number of sign changes sc(¢, [a, b]) of ¢ on [a, b] is O if either ¢(s) =0
forall se[a, b] or ¢(s) <0 for all se[a, b]; otherwise sc(¢, [a, b]) is given
by

sc(¢, [a, b] = sup{k: there exist s° <s' < --. <s* such that s’e [a, b] for

i=0,1,.,k and ¢(s") p(s"* ') <O0fori=0, I,.,k—1}
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Let

sc(¢, [a, b]) if sc(¢, [a, b]) is odd or infinite

V¢, [a,b])= {SC((ﬁ, [a,b])+1 if sc(d, [a, b])iseven

Therefore V(¢, [a, b]) e {1, 3,..} U {oo}. Define
Hpp3=1{9eC"([a b], R): ¢(b) #0 or ¢(a) §(b) <0,
¢(a)#0 or ¢(a) p(b) >0, all zeros of ¢ in (a, b) are simple}

H{, »; is an open dense subset of C'([a, b], R).

Lemma 4.1.

(i) Vs lower semicontinuous in the following sense. If ¢, ¢" are non-
zero continuous functions on the intervals [a, b], [ a”, b"], respec-
tively, and

max 19"(s) —d(s)| >0, a"—a, b">b as n—o oo
sela, b] n[a”, b"]

then

V(g, [a, b]) <liminf V(9" [a”, b"])

(i) If $e Hp, py, then V(¢,[a,b]) < 0.

(iii) If ¢ C'([a—0d,b+ ], R) for some 6>0 and |, »1€ Ha, by
then there is y € (0, 0) such that

la—cl <y, [b—dl<y, yeC[c.d].R), ¥ —¢lcirearm<?
imply
Vi, [e,d])=V(4, [a,b])

Proof. 1. The proof of (i). The cases V(¢,[a,b])=o0 and a=b
are clear. Assume that a<b and V(¢, [a, b]) < co. Then there exists ye
(0, (b —a)/4) such that ¢ does not change sign on the intervals [a, a + 2y ]
and [b—2y,b]. For large n, we have [a",b"]>[a+y,b—y]. If
|¢"(s) — P(s)| is sufficiently small for all se [a+y, b —y], which is the case
for sufficiently large n, then obviously

V(g™ La", b"1) =2 V(9" [a+y,b—y]) =2 Vb, [a+y, b—y])= V¢, [a, b])
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2. The proof of (ii). V(¢,[a,b])= oo implies the existence of an
se[a, b] with ¢(s)=¢(s)=0, a contradiction.

3. The proof of (iii). If ¢(a)#0 and ¢(b)#0, then clearly
sc(Y, [¢,d])=sc(d, [a, b]) provided |a —¢|, |b d| and W bllere, 41, %)
are small enough. In the case ¢(b)=0, ¢(a) #(b) <0, the number of sign
changes sc(¢@, [a,b]) of ¢ on [a, b] is an even number. If |a —c|, |b—d],
and [ — &l ci(re. a7, vy are sufficiently small, then

sc(¢, [a, b]) <sc(y, [¢, d]) <sc(d, [a,b]) +1

that is, V(y, [¢, d])=V(4, [a, b]). The same works for the case ¢(a)=0,
¢(a) ¢(b)>0. O

Let I=[c,d] be an interval and let a: / —> R, 7: I - R be continuous
functions such that a(7) <0, 7(z) > 0 for all € I, and the function #: I3 ¢t +—
t—1(t) e R is strictly increasing on I.

Let keN\{0, 1} be given. Assume that there exists a finite sequence
(¢;)yin [¢, d] such that ¢, =c¢ and #(c;) =¢;_, for all j€ {2,..., k}. Then we
define the functions #°, #',..., #* by %)=t for all te[c, d], and

n:le,d]at—nn’"(1)eR

for je{l,2,.,k}.
Set J={r—r(t):tel} Ul Let v:J—> R be a continuous function
which is continuously differentiable on 7 and satisfies

o(s)=oas) v(s—t(s)) (4.1)

for all sel

Lemma 4.2. Assume that I=[c¢,d], a, 7, 3, v, k and (cj)’f are given
as above, moreover, for all v|(, .  is not identically zero. Then

(i) t',r*el, t* <t* imply that V(v, [n(t"), t']) = Vv, [n(?), *]);
(ii) k=3,telcs,d], v(t)=v(n(t))=0 imply that either V(v, [5(t),1])
=0 or V(v, [n(1), 11) < V(v, (1), n*(1)1);
(iii) k=4, te[cy,d] and WV(v, [5(1),t]) = V(v[n*(1), n*(1)]) < 0
imply that v\, € Hpye, -
Proof. 1. The proof of (i). We claim that it suffices to show that

for all rel there exists ¢°=¢%¢)>0 such that for all ¢€[0, %] with
t+eel,

Vv, [n(t), t])=V(n(t+e), t+¢) (4.2)
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Indeed, let ¢!, #* in I with ¢! <> be given and assume that for every re/
there is €% =¢%1) >0 so that for all [0, e°] with ¢+ el we have (4.2).
Define

t*=sup{se [t 2] V(v, [n(t"), 1']) = V(v, [n(u), u]) for all ' <u<s}

Then ' <¢*<> From the definition of ¢* it follows that there is a
sequence (s")¢° in [¢', 1*] so that s" — t* as n — co and V(v, [5(¢'), t']) =
Vv, [n(s™),s"]) for all neN. Clearly, #(s")—n(t*) as n— oo. Then
Lemma 4.1(1) yields W(v, [n(t"), 1*]) = V(v, [n(¢*), t*]). If t* <%, then
there is &%t*)e(0, > —t*] so that W(v, [5(t*), t*]) = V(v, [5(t* +¢),
t*+¢]) for all ee [0, &%¢*)]. This contradicts the definition of #*. Conse-
quently, ¢* =2, and the claim holds.

If V(v, [#(t'), t']) = oo, then there is nothing to prove. Assume that
(v, [#(tY), t']) < 0. Again, the case v(¢')#0 is obvious by using the
increasing property of 7. Assume that v(z')=0. From the finiteness of
v, [n(tY), 1']), it follows that v does not change sign on [#5(t'), n(t') + 5]
for some 6 > 0. Assume that v(z) >0 on this interval. Since (4.1) is linear,
the case v(#) <0 is analogous. By the continuity and increasing property
of , there is ¢€° > 0 such that re [ ¢, t' +¢°] implies 7(¢) € [5(z'), n(t') +J].
Hence, using (4.1), 6(¢) <0 follows for te[ !, t' +¢°]. Since v(t')=0, we
obtain that v(z) <0 for all te[#', ' +&°]. If v(z) =0 for all re[¢', ' +°],
then (4.2) holds with equality for all [0, °]. If v(¢)<0 for some
te[t!, 1 4+¢°], then, by (4.1) and <0, we have v(())>0 for some
fe(t', t) with n(7)e[n(t'), n(t')+J]. Then there exists ye (0, t' —n('))
such that v is not identically zero on [#! —y, '] and either v(¢) >0 for all
te[t'—y, '] or v(¢)<O0 for all te[t'—yp, t']. If v(£)=>0 on [t'—7y, '],
then

sc(v, [n(th), ' +&e]) <sc(v, [5(h), ')+ 1, 0<e<e’

But sc(v, [5(t'), t']) is even [since v has the same sign on the right of 5(z!)
and on the left of 1], and thus (4.2) is satisfied for all e [0, €°]. If v(#) <0
on [t'—7, ¢!], then

se(v, [n(t), 1 +&°7) =sc(v, [n(1"), 1'])

and (4.2) holds again for all e€ [0, &°].

2. The proof of (ii). Assume that V(v, [5(2), t]) < oo, since there is
nothing to prove if V is infinite. Let k=sc(v, [#(?), t]). We can choose
(1')*+2 such that

nt)y=1t"2<F < <l <0=¢
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and
oty o(£ Y <0,  i=1,2,..k

Applying the mean value theorem to each interval [#*!, '] and using the
facts that v(°) =v(**2)=0, that #(s) and v(5(s)) have different signs (if
none of them is zero), and that # is increasing, we get a sequence (7))
such that

() <i*l<ifF< o<t <i%<p(t)
and
o) 0(F1) <0,  i=0,1,.k
Therefore sc(v, [#%(t), n(t)]) =k + 1, and thus, in case of odd k,
Vv, (72, n()]) =k +2>k= Vv, [n(1), 1])

and the stated inequality follows from (i).

Assume that k is even. Then v(7°) and v(7**!) have different signs.
Using that v(x(¢)) =0, we can choose t*e (7% #(t)) such that v(z*) and
v(7°) have the same sign, and ©(¢*) and v(7°) have different signs. Then,
since v(¢*) and v(#n(t*)) have different signs, we conclude that the signs of
v(n(¢*)) and v(7*+') are different. Consequently, sc(v, [7(t*), t*]) =k +2
because of 7(1*) <y*(t) < i**!. Thus, from 5(t*) > 5>(¢) and statement (i),

Vv, [n*(0), n*(1)]) = V(w, [n(t*), *1) 2k +3>k + 1= V(v, [1(1), 1])

3. The proof of (iii). Assume that V(v, [5(t), t]) = Vv, [#*(2), 73(¢)])
< . Then, for any se[#n(t),t], we have #3(t)<n*(s)<s<t Conse-
quently, by statement (i),

Vv, [n(s),s1) = V(v, [’(s), n*(s)]) < o0, se[n(1),1]
From statement (ii) it follows that
(v(s), v(n(s))) #(0,0)  forall se[n(),1]
Using that t(s) =a(s) v(y(s)) and a(s) #0, we obtain
(v(s), o(s)) #(0,0)  forall se[n(r), 1]

that is, the zeros of v on [#(t), t] are simple. As a consequence, in case
v(t)=0 we get 0 #0(¢) =o(t) v(n(2)) and 6(¢) v(y(z)) <0 because of a(t) <O0.
Now assume v(#(¢)) =0. By statement (ii), v(z) #0, v(5*(¢)) #0, and thus
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o(n(t)) #0. Assume that o(n(t)) v(t) <0. Then sc(v, [#7(¢),¢]) is an odd
number k, and similarly to the proof of statement (ii), there is a sequence
(t')%*Z such that

nt)=t1<tb< ...t <=1t
and

o) o(£+ <0,  i=1,2,.,k

Applying the mean value theorem and using 6(#(z)) v(z) <0, we get k+ 1
sign changes in the interval [#%(z), #(¢)]. This gives that

Vv, [n(0), n(0)1) =k +2>k =sc(v, [5(1), t]) = V(v, [5(1), ])
a contradiction. Therefore, v|,«) 1€ Hyy), - O

The next result shows that the Lyapunov functional V' can be effec-
tively used to show that solutions of (4.1) cannot decay too fast at co. For
constant delay, Mallet-Paret [39], Cao [10], and Arino [4] proved
estimates of this type.

Lemma 4.3. Assume that t', t are real numbers witht' <t,a: [t',t] > R
and t: [ t', t] - R are continuous functions, and there are positive constants
dg, a1, To, L, such that

—a; <o)< —ay,  forall se[t,t]
To < 7(8) for all se[t,t]
lt(s') —1(s?)| < L, |s* — 52| for all s',s%in [t 1]
the function n: [t',t]2s+>s—1(s)eR is strictly increasing, and t' =n*(t).

Let v be a continuous function on [n°(t), t] such that (4.1) holds for all

se[n*(t), ] and V(v, [1°(¢), n*(1)]) = 1.
Then there exists a constant k =k(a,, a,, 7y, L,) >0 such that

max |u(s)| <k max |v(s)] (4.3)
se 7)., n(n)] se[n(2), 1]

Proof. First, we prove the following claim.

Claim. For any ¢ € (0, 7y) there exists ¢=c(d, aq, L,) >0 such that
for each interval 4 = [#*(¢), #(¢)] with length §, we have

min |[v(s)] <c max |v(s)] (4.4)
sed se[n(z), 1]
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Proof of the Claim. Let v=max, () 1 [v(s)|. First choose 4 in the
interval [7%(1), n(t)], that is, 4 =[5(s"), n(s*)], d = n(s*) —n(s') and 5(1) <
st <s?<t. Integrating (4.1) on [s!, s2], we get

2

os) —ols") = [ o) v(n(u))

The length of [s', s?] can be estimated from
d=n(s*) —n(s") <s®—s' + |2(s*) — (s < (1 + L,)(s* = s1)
Hence

2(1+L
min |o(s)| <uﬁ
sed 6105

Define ¢, =¢,(9, ay, L,)=(2(1 + L,))/ayo.

Now consider any interval 4 = [#3(¢), #(¢)] of length J. If the length
of An[#n*(t),n(t)] is greater than or equal to J/2, then we choose
c=c,(8/2, ay, L,). Assume that |4 n [53(¢), #*(¢)]| > 6/2. There are ¢!, 1’
[#%(t), n(t)] such that [5(t'), n(t*)] =4 and 5(t*) —5(t')=5/2. From the
Lipschitz continuity of z, we obtain

e
2(1+L,)
Considering the intervals

0
szl sy ) S

o+
of length 6 =J/(6(1 + L,)), the first part of the proof gives that

min _ |U(S)| < cl(é_a aOs Lr) ﬁs mlI'{ |U(S)| < Cl(gs aOa L‘r) v
seltl, t14+4] se[t2—46,1%]

Applying the mean value theorem, we obtain a ¢* e (¢!, #?) such that

201(5_’ Ao, L‘c) v

()| <
o(2*)] 3

Using Eq. (4.1),

(1) _26,(8, g, L) 6

B
lo(n(*))] < <
a() 6105
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Since 5(t*) € 4, it follows that

2¢,(0, ay, L
min [o(s)] < 210 90 L)
sed aoé

Then, for any interval 4 = (#3(¢), (¢)] of length &, (4.4) holds with ¢=c,,
where

Cl(é_s Ay, L‘r)}

0
Cr= 02(5a Ay, Lr) =max {Cl (7 Ao, Lr)a 2
ayo

2

Repeating the above argument we obtain that

02(5—)a o, Lr }

0
c= 6(5’ Ao, L‘r) =max {CZ <’ Ao, L‘r>a
ayo

2

is an appropriate constant for any 4 < [#*(¢), #(z)]. This completes the
proof of the claim.

Now we prove Lemma 4.3. Choose ¢ >0 such that 26(1 +L,)(2+ L,)
<7,. By the above claim, there is a ¢=c¢(J)>0 such that (4.4) holds.
Clearly, ¢>1 may be assumed. We prove that (4.3) is satisfied if k>0 is
chosen such that (k—c)/a;0>c. Let v=maxX; [, |v(s)| and assume
that (4.3) is not true. Then there is t* € [5#%(t), 5(t)] such that |v(¢*)| > k.
By the above claim,

min  |v(s)| < cp, min  |o(s)| <cv
se[t*—0,t*] se[t*, t*+0]
If t* 4+ 0 > 5(t), then the claim does not apply to get the second inequality.

But in that case it clearly holds since ¢>1. The mean value theorem
implies the existence of s' e [t* — 4, t*] and s?e [¢*, t* + J] such that

(k—c)o

5 i=1,2

|6(s")| >

moreover, 6(s') 6(s?) <0. Hence it follows that

ot >0 00

> cv

and v(n(s')) v(n(s*)) <0. A second application of the claim gives

min lv(s)| < cv, min lo(s)| < cv
seln(s)—ao,n(sH] se[n(s2), n(s?)+4]
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We prove later that 5(s') — & >#5*(t), i.e., that the claim is applicable. Then,
again by the mean value theorem, it is obtained that ¢ has at least two sign
changes on the interval [#(s')—d, (s?)+6]. Equation (4.1) implies that
then v also has at least two sign changes on [#(n(s') —9), n(n(s*) +6)].
From the Lipschitz continuity of 7 it follows that

In(s®) + 06— (n(s') = )| < |n(t* + 8) + I — (n(t* — 6) — 6|
<202+ L)<t (4.5)
In(n(s?) + ) —n(n(s') —8)| <26(1+ L,)(2+L,) <7 (4.6)

From (4.5), n(s')—d>=n*t) follows, since #(t*)>=#53t) and n(t*)e
(n(s') =0, n(s?) +6). In addition, 5(5(s') — &) =#5>(¢) is also obtained. Then
(4.6), sc(v, (n(n(s')—=0), n(n(s®>)+5)])=2, and Lemma 4.2(i) combined
imply

Vv, [n°(1), n*()]) > 1
a contradiction. |

The next result gives a connection between the distances of consecutive
zeros of solutions of (4.1) and the values of V.

Lemma 4.4. Assume that o, 7, v: R —> R are continuous functions such
that «(R)<=(—o00,0), 7(R)=(0, o0), the function Rat+—t—r1t(t)eR is
strictly increasing, t©(t)=1 for all te R with v(t)=0, v is continuously
differentiable on R and satisfies (4.1) for all se R.

Then the following statements are equivalent.

(i) |z1—z,| > 1 holds for every pair of zeros z,; # z, of v.
(ii) 0lpi—v), nFO and V(v, [t —1(1), t]) =1 for all teR.

Proof. . Assume (i). If v has no zero, then (ii) holds. Suppose v
has at least one zero. For a given zero z of v, define z, = oo if v has no zero
on (z, o0); otherwise z, =min{z>z:v(¢)=0}. For every 7 € R either there
exists a zero z of v with t€[z,z ) or v(s) #0 for all s<t. In the latter case
clearly v|,_ ), 4 #0 and V(v, [t —1(¢), 1]) = 1. Assume that e[z, z ) for
some zero z of v. Then z is the only zero of von (z—1, z_ ). We also have z — 1
=z—1(z)<t—1(t)<t<z,. Therefore v|;, ., 70 and Vv, [ —1(t), t])
=1.

2. Assume (ii). Letzbeazeroofv. Then 7(z)= 1. By Lemma 4.2(iii),
all zeros of v are simple on [#(z), z]=[z—1, z] and v(z — 1) ¥(z) < 0. These
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facts and sc(v, [z—1,z])< V(v,[z—1,z]) =1 combined yield z(¢) #0 for
all te(z—1, 2). O

Remark 4.5. Let x, y be solutions of Eq. (2.1) on (R, R) with x(R) =
[—B,A] and y(R)c[ —B, A]. Lemma 2.2(ii) and Lemma 2.5 combined
imply that the function R> ¢+ ¢ —r(x(¢)) € R is strictly increasing. Defining
v, « as in Lemma 2.6 and 7 by ©(¢) =¢—r(x(¢)) we find that (4.1) holds for
all seR. Using the properties of «, v stated in Lemma 2.6, we see that
Lemmas 4.2-4.4 can be applied.

5. SLOWLY OSCILLATING SOLUTIONS

A solution x of Eq. (2.1) is called slowly oscillating if for every pair of
zeros z' >z of x

zZ—z>1

holds. Our aim is to describe the set of globally defined slowly oscillating
solutions with values in [ — B, 4]. Recall from r(0) =1 and Proposition 2.3
that R>1. Set

S={¢peLg:sc(¢,[t—1,1])<1 forall te[—R+1,0]}
So={¢eS:¢(s)=0 for all se[—1,0]}

S is a closed subset of Lg, therefore it is compact. For each re[ —1, 1]
and ¢ € S, clearly t¢ € S. S is not convex. It is clear that, if x: J—> [ — B, 4]
is a slowly oscillating solution of Eq. (2.1) on (7, J), then its segments x,
belong to the set S\.S,.

Define

U={¢eLg:¢(s)=0 for all se[ —1,0], #(0) =0}
Uy={¢peLg:¢(s)=0 for all se[ —1,0]}
If x:R—>[—B, A] is a slowly oscillating solution of Eq. (2.1) and z is a
zero with xX(z) <0, then x,e U\U,. The set U is a compact convex subset
of Lg. The next result of Mallet-Paret and Nussbaum [41] shows that, for
any ¢ € U\U,, there is a sufficiently large ¢, such that x? is slowly oscillating
on [y, o).
Proposition 5.1 [41].
(i) If g€ U,, then x*(t)=0 for all t >0.
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(ii) If ¢ € U\U,, then define
qo=sup{t: x*(s)=0 for all 0<s<t}
Define
g, =inf{1>qq: x%1)=0}
and q, = o0 if x*(t) <0 for all t>q,. If q, is finite, define
Q1 =10f{1>q, : x*(1)=0}

and qi. =0 if x(t)#0 for all t>q,. If q,= o0, then define
Qrs1=00. Then qo<1,q,—qo>1, and qy .1 —qr>1 for all k
such that q, < . If q,,= oo for some k, then lim,_,  x%(t)=0.

Remark 5.2. Setting
U={deLg:d(s)<0 forall se[ —1,0], $(0)=0}

for each ¢ € U\U,, an analogous statement to Proposition 5.1(ii) holds.
We shall make use of a return map on the compact convex set U. For
every ke N\{0} Proposition 5.1 permits us to define a map P,: U— U by

Pi(¢)=F(qu, ¢) if ¢eU\U, and gy < o0
P ($)=0 if ¢geU, or g U\U, and g, = o0

P(¢) is the kth intersection of the trajectory x? with U provided

gl ) < 00.
If R is large, then P, is not, in general, continuous at nonzero elements

of U,. Let us choose /e N such that 2/> R. Then we have the following
result.

Proposition 5.3. P, is continuous.

Proof. First, we prove the following claim.

Claim. For every ¢>0, there exists T=T(e)>0 such that if ¢e
U\U, and ¢,;>2IT, then | P,(¢)| <e.

Proof of the Claim. If ¢,,= oo, then P,(¢)=0 and thus ||P,(¢)| =0.
So, it suffices to deal with those ¢ € U\U, for which ¢,, < oo. Let T>2R.
If ¢,,>2IT; then there exists a ke {l,2,.,2/} such that ¢, —¢q,_,>T.
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Then from Eq. (2.1), |x| is decreasing on [gx_;+ R, q], and for all
te[gyr_1+ R, q,] we have

X)) < —p |x(2)]

IX()] < |xX(gr—1 + R)| e -1* R0 <max{ 4, B} e#@-1+R=0
It follows that
x, || < max{A4, B} eH2R=T)

Since x=0 is a solution of Eq. (2.1), by Lemma 2.4, for each y>0
there exists § = J(y) > 0 such that ||¢| <J and ¢ € Ly imply ||x?| <y for all
te[0, R].

We assert that for every >0, qujH <d(y) implies quMH <.
Assume that qu].H <d(y). The case ¢;,1—¢,;<R is obvious. If g;,,—g¢;
> R, then |x| is decreasing on [g;+ R, q;,,]. By the definition of J(y),

quj+ r | <7. Consequently,

15 I < 1Xg 4 &l <7

Therefore, it can be shown by induction that there exists # =#(¢) >0 such
that

[xg, Il <m implies  |[lx,, || <e
If
1 A, B
T>—log M%— 2R
H n(e)

then |x, || <#. This completes the proof of the claim.

We now prove the proposition. Let a sequence (¢”)5° in U and ¢ e U
be given with ¢"—> ¢ as n— co. Write x"=x%, x=x% and ¢} = q(¢"),
g =qi(@) if ¢", ¢ € U\U,, respectively. We divide the proof into three
cases.

Case 1. ¢eU\U,and g,,< co. We have ¢" e U\U, for all sufficiently
large neN, say for n>ny. Proposition 5.1 implies that g, <1, g5<1,
¢1—¢qo>1, and ¢} — g3 >1 for all n>=n,. It follows that ¢7>1 and ¢, > 1
for all n > ny and x(1) <0. Lemma 2.4 implies that for any positive number
&¢>0 and any number T with ¢,,< T < ¢, ; there exists n(¢, T') with

sup{ [x"(t) —x(2)| : 1 <t<T} <e for all integers n>n(e, T)
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For a given positive number 6 <min{}, T—g,,} we can assume (by
taking & as small as needed) that |x(z)|>¢ for all re[1, T] N1, {reR:
lt—q;| =0}. For nx=ny(e, T), it follows that x"(t)#0 for all te
[1, 71N, {teR:|t—q,;| >0} and that x"() has a zero on the intervals
[¢,—9,q;+0], j=1,2,.,2l. By Proposition 5.1, it follows that |¢} —g¢,|
< for all integers n>n,(¢, T). Since d >0 can be arbitrarily small, it
follows that g7 — ¢; as n—> o, j=1, 2,..., 2/. Then Lemma 2.4 implies P,(¢")

— P,(¢) as n— oo.

Case 2. ¢eU\U, and ¢,;= 0. Then P,(¢)=0. For each real T>0
one can prove as in Case 1, by using Lemma 2.4 and Proposition 5.1, that
g5, =T for all sufficiently large n. Then the Claim implies that, for any
given ¢ >0, ||P,(¢")| <e for all sufficiently large integers n.

Case 3. ¢eU,. Then P,(¢)=0. We may assume that ¢”e U\U, for
all n, since P,(y) =0 for € U,. Take ¢ >0 and, applying the Claim above,
select 7" such that ||P,(¢")| <e for all n such that g5, > T. By Lemma 2.4,
there exists n,(e, T) such that if n>mny(e, T) then sup{|x?(7)]:
0<r<T} <e In the case ¢5,<T, from ¢} —q7_,>1, k=1,2,.,2l, and
21> R, it follows that ¢5,> R, and consequently || P,(¢")| = || F(g5;, ¢")| <e
for all integers n>n,(e, T'). Therefore, | P,;(¢")| <& for both cases ¢5,>T
and ¢%,< T provided n = n,(e, T). O

The next result shows that the set S is positively invariant under the
semiflow F.

Proposition 54. F(RT xS)cS.

Proof. Let ¢ €S and write x = x.

Case 1. sc(¢,[—1,0])=0. If (UL U) S, then Proposition 5.1
and Remark 5.2 can be used to conclude that x,eS for all £>0. If
¢¢ Uu U, then ¢(0)0 and either x(7)#0 for all >0 or there exists a
smallest zero z > 0 of x. If x(¢) # 0 for all >0, then x, e S clearly holds for
all 1> 0. Otherwise, x, e (Uu U) N S and, by applying again Proposition 5.1
and Remark 5.2, we easily obtain that x,e S for all >0.

Case 2. sc(¢,[ —1,0])=1. There exists s,, s;€(—1,0) with s, <5,
such that either ¢(sy) <0 and ¢(s;)>0 or ¢(sy)>0 and ¢(s;) <0. We
consider only the first possibility since the second one is analogous. Set

zo=1nf{: ¢(s) >0 for 1 <s<0}

zy=sup{z: x(s) =0 for 0 <s<1}
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Clearly, —1<zy<0, z;€[0, 0], ¢(z9) =0, and if z; < oo, then x(z;)=0.
Moreover,

d(s)<0 for —1<s<z,

d(s)=0 for zo<s<0
If z;, = o0, then x,e S follows for all z>0. Assume that z, < co. We have
d(s)<0 for all se[max{—R,s,—1},z]

since ¢S and thus ¢ cannot have two sign changes on the interval
[max{ — R, s; — 1}, s;]. We assert that z; —z,> 1. If z; —z, < 1, then there
exists ¢ >0 such that

max{ — R, s, — 1} <t—r(x(1)) <z, for all te(zy,z;+¢)

since z; —r(x(z,))=z,—1e[—1,zy) and t—r(x(¢))> — R for all 1=0.
Hence, for te(zy, z; +¢), from Eq. (2.1) we obtain

ex(t) = [ e f(xls —r(x(s))) ds >0

z1

This contradicts the definition of z;. Therefore z; —zo>1. Thus x, e U
follows. Then Proposition 5.1 and the definition of z; combined imply that
the distance of consecutive zeros of x in [z, c0) is greater than 1. Hence
we conclude that x,e .S for all > 0. O

Consider a complete metric space M, a semiflow G: R* x M — M, and
a subset N < M. The set N is called invariant if G(¢, N)=N for all > 0.
The set N is said to attract a set N' < M if for every open set O < M with
Nc O there exists t>0 such that {G(s,u):ueN'} <O for all s>t
A global attractor is a compact invariant set which attracts every bounded
subset of M. The bounded complete orbits, ie., the sets {u(z): 1€ R} with
u: R— M satisfying u(z) = G(t—s, u(s)) for all reals 7>s, with compact
closures are contained in the global attractor.

Since Lg is a compact metric space, [ 25, Theorem 3.4.2] implies that
the semiflow F has a global attractor .«/(F'). By Proposition 5.4, the restric-
tion of F to R* xS defines a semiflow Fg on the compact metric space S.
Define

oA =l (Fg)= () F(1,S)
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Proposition 5.5.

(i) o is the global attractor of the semiflow Fs.
(ii) The map F ,: Rx /3 (t, §) > x?e .o/ is a continuous flow.
(iii) </ is connected.

(iv) The following statements are equivalent.

(a) ¢e/\{0}.

(b) There is a solution x: R— [ —B, A] with xo=¢ and x,€ S\S,
for all te R.

(¢) There is a slowly oscillating solution x:R—[ —B, A] with
Xo=0¢.

(d) There is a nonzero solution x: R— [ —B, A] such that x,=¢,
X |t —rixtey, 01 7 0 and V(x, [t —r(x(2)), t]) =1 for all teR.

Proof. 1. By Proposition 5.4, the compact set S attracts all subsets
of S. Therefore, [25, Theorem 3.4.27] implies that .o/ is the global attractor
of Fj.

2. It also follows from [ 25, Theorem 3.4.2] that F_, is a continuous
flow provided F(¢, -) is injective on .o/ for all 1>0. Let ¢,y €.o/ and
assume that F(z, ¢) = F(t, ) for some ¢>0. Since ./ is invariant, there
exist solutions x, y: R— [ — B, A] with x,=¢ and y,=1. Then Lemma 2.7
yields ¢ = . Thus, F(t,-): .o/ — o/ is injective.

3. Suppose that .o/ is not connected. Then there are open disjoint
subsets V', V,of Ssuch that o/ <V, UV, A"V, # D, d " V,# . We
have F(t, S)> F(t, /) = .o/ for all ¢t > 0 since ./ is invariant. As .o/ attracts S,
there exists ¢ >0 such that

{F(t,¢): ¢S}V UV,
Then
Ft,S)nViodnV,#F#ANV,cF(t,S)nV,

and hence it follows that F(z, S) cannot be arcwise connected.

On the other hand, S is arcwise connected since [ —1, 1]S < S. Then
F(1, S) is also arcwise connected as it is the continuous image of S. This is
a contradiction.

4. Let ¢ € o/\{0}. The facts that ./ is invariant, F, is a flow on </,
and F_,(t,0)=0 for all e R combined yield the existence of a unique solu-
tion x: R— [ —B, A] such that x,=¢ and x,e .«/\{0} for all 7e R. The
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definition of .o/ implies .o/ — S. Hence x,€ S follows for all e R. If x, € .S,
for some s e R, then, by, Proposition 5.1, x,=0 for all sufficiently large ¢,
a contradiction. Therefore, (a) = (b).

Assume that (b) holds. We have to show that x is a slowly oscillating
solution. Let z’' >z be two zeros of x. In order to show that z/ —z>1, it
suffices to find a 7,<z—1 such that x, € U\U,, since Proposition 5.1
applied to ¢ =X, € U\U, implies that z’' = q;(x,) and z=g,(x,) for some
integers k> j>1, which gives z’ —z> 1. From Lemma 2.2 it follows that
x has arbitrarily large negative zeros. For every real 7, x takes both
positive and negative values in (— oo, T]. Indeed, assuming the contrary,
Eq. (2.1) implies that |x| is decreasing on ( — oo, T']. This, together with the
existence of arbitrary large negative zeros, implies that x(s)=0 for all
s<T, a contradiction. Select s; and s, such that s;<s,<z—1 and
x(s;) >0, x(s,) <0. Define

to=sup{z: x(s) =0 for all s, <s <1}

We claim that x, € U\U,. Since x, € S\S, and x(¢,) =0 follows from the
definition of ¢y, it is enough to prove that x(s) >0 for all se[7,—1, #5].
This is the case if 1, =5, + 1. If t<s;+ 1 and x(s) =0 for all se [z, — 1, #,]
does not hold, then there exists #; € (¢, — 1, 5;) such that x(¢;) <0. Consider
the sign changes of x on the interval [¢,,#; +1]. The definition of ¢,
implies that there is a positive sequence (J,)s° such that J,— 0 as n— o
and x(ty+9,) <0 for all neN. Hence and from ¢, + 1 >1,, x(¢;) <0 and
x(s1) >0, it follows that sc(x, [, 7; +1]) > 2, a contradiction to x, € S.
Thus, (b)=>(c).

Assume that x: R— [ — B, A] is a slowly oscillating solution. Consider
the interval [7—r(x(?)), #]. We claim that x cannot have more than one
zero in [t —r(x(2)), t]. If z; <z, were two zeros in [t—r(x(?)), t], then
z,—z;>land r(x(z,)) =r(0) =1 would imply that z, — r(x(z,)) =z, — 1 > z;.
Using that R> ¢+ ¢ —r(x(2)) € R is increasing by Lemmas 2.2 and 2.5, we
obtain from >z, that t—r(x(t)) >z,—r(x(z,))>2z,, a contradiction to
zy =t —r(x(t)). Therefore, (¢)=-(d).

Let x:R—>[—B,4] be a nonzero solution such that ¥W(x,
[z—r(x(2)),t])=1 for all e R. Lemmas 2.2 and 2.5 yield that the function
Ra¢+—1t—r(x(t)) e R is strictly increasing. We assert first that the set N' =
{x,:te R} is a subset of S. We have to show that, for any 7€ R, x cannot
have more than one sign change in [7— 1, ¢]. The case when x has no zero
in [t—1,t] is obvious. Let s denote the largest zero of x in [#—1, ¢]. Then
r(x(s))=1. The case s=¢ is again obvious since sc(x, [1—1, ¢])< V(x,
[t—1,¢])=1. If s<t, then by the monotonicity of ¢t —r(x(¢)) and s— 1=
s—r(x(s))<t—1, we find ¢ €(s, t) such that [r—1,s] < (¢ —r(x(¢)), t].
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By the definition of s, x has the same sign on (s, ¢ ]. Therefore, sc(x, [t —1, ¢])
=sc(x, [t—1, {'])<sc(x, [ —r(x(t)), ') < V(ix, [t —r(x(t)), £'])=1.
Thus, N’ is a subset of S. The set N’ satisfies F(z, N')=N’ for all 1 >0.
As .o/ attracts N’, it follows that N' .o/, and in particular x,=¢ e .«/.
xo=¢ =0 is impossible since x is a nonzero solution. So (d) =>(a), and the
proof is complete. O

Corollary 5.6.

(i) If (¢™)§ is a sequence in of and ¢ € of such that ¢" — ¢ as n — oo,
then x%"(t) —» x%(t) as n — oo uniformly on each compact subinter-
val of R.

(ii) The topologies induced on </ from C([—R,0],R) and
CY[ =R, 0], R) are equivalent.

Proof. 1. Let I be a compact interval. Choose ke N such that
Ic [ —kR, kR]. The continuity of F_(jR, -) by Proposition 5.5(ii) implies
that for every given ¢>0 there exist 6,>0 such that from [¢" —¢| <J,
it follows that |F(jR, ¢")—F(jR, ¢)| <e. Taking d=min{o;: je{—k,
—k+1,.,k}}, it follows from [¢” —¢| < that sup{|x?"(r) —x%(t)| : tel}
<e.

2. Tt suffices to show that if ¢", € .o/ and [¢"—¢|| >0 as n— o0,
then [¢"—¢|—0. By statement (i), [|x*z—x? | —0 follows. Then
Lemma 2.2 implies ||¢” —¢|| - 0 as n — oo. O

We turn to the map P,. Since U is compact, it follows from [25,
Theorem 2.4.27 that the set

S(P)= () PHU)

is the global attractor of P,, that is, it is a compact invariant subset of U
attracting all bounded subsets (which in our case means all subsets) of U.
Since U is compact and convex, the closed convex hull of .«/(P)) is a subset
of U. Then the arguments from the proof of [25, Lemma 2.4.1] show that
</ (P;) is connected.

Proposition 5.7. o nU=/(P)).

Proof. It is clear that 0 is an element of ./ N U and ./(P).

Let ¢ e(o/ nU)\{0}. Proposition 5.5 implies that there is a slowly
oscillating solution x: R — [ — B, 4] such that x,=¢. Using Eq. (2.1) and
r(0)=1 we obtain that all zeros of x are simple. From Lemma 2.2 it
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follows that x has arbitrary large negative zeros. If 0 =z°>z!> ... are the
zeros of x in (—oo0, 0], then from x,e€ U\U, it follows that x,.ec U\U,
and, by Proposition 5.1, P;(x,20-1)=x,n for all ne —N. Then ¢ =x,=
P}(x,-n) for all ne —N, and thus ¢ € <Z(P)).

Let ¢ € o7(P,)\{0}. Clearly, ¢ € U\U,. There is a trajectory (¢")° _ of
the map P;in U w1th ¢° = ¢. Clearly ¢" e U\U, for all ne —N. Let (q7 )] o
denote the sequence associated with ¢” by Proposition 5.1(ii). The fact
¢"#0 for all ne —N vyields ¢4, < oo for all ne — N. Then by the definition
of P, it is not difficult to see that x: R - R defined by

0 0
x(t)=F<t+ 2 qh ¢”> for te { - X 4 00>
j=n j=n
gives a solution of Eq. (2.1) with x(R)c[ —B, A], and x_zjoﬂqé,:qﬁ”.
Propositions 5.1(ii) and 5.5(iv) combined yield ¢ €.7\{0}. The proof is
complete. O

Corollary 5.8. .o/ N U is compact and connected.

Using Proposition 5.1, the definition of P,, and the fact that .o/ is
invariant under F, we obtain

P(ANnU)coAad U
Set
B={peAdU:P(p)#0}
Define the map
P:#B>¢p+— P(d)e Lg

Proposition 5.9. P,|., .y is continuous. P is a homeomorphism from %
onto o/ n U\{0}.

Proof. The proof of the continuity of P,|, ¢ 1s essentially the same
as that of P,. We used only in Case 3 of the proof of Proposition 5.3 that
212 R. If pe Uyn (£ n U), then ¢ =0 by Proposition 5.5. Let a sequence
(@™ in o/ N (U\U,) be given so that ¢"—0 as n— oo. Let x"=x?",
q¢5=q-(¢"). Let ¢>0 be fixed. Analogously to the claim in the proof of
Proposition 5.3, we find 7>0 such that |P,(¢")| <e¢ for all ne N with
q2>T. By Lemma 2.4 there exists n, such that sup{|x?(¢)]: —R<t<T}
< ¢ follows for all n>n,. So, |P,(¢")| <e follows for all n>=n,. Therefore,
P4| ., ~ v 1s continuous.
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The injectivity of P on % follows from the backward uniqueness of
solutions on 7. If ¢ € o/ n U\{0}, then Proposition 5.5 implies that there is
a unique slowly oscillating solution x: R — [ — B, A ] with x, = ¢. Lemma 2.2
implies that x has arbitrary large negative zeros. We have x(0)=0 since
xo=¢eU Let z_s<z_,<z_;<0 be defined such that z_5,z_,,z_;,0
are consecutive zeros of x. Then z_,—z_3>1, z_;—z_,>1, and
z_,;< —1. From x,=¢ € U, it follows that x(s)>0 for all se (z_,, 0), and
hence x(z_;)>0. We also have x(s)#0 for all se(z_,,z_;)U(z_3,2z_5).
Since x(z_;)=0, r(x(z_;))=1, and z_, —z_,>1, we obtain X(z_,)#0
from Eq. (2.1). Therefore x(z_,)>0 and x(s)<O0 for all se(z_,,z_,).
Continuing the same argument, we obtain that ¥(z_,) <0 and x(s) >0 for
all se(z_3,z_5). Clearly x, €./ nUand P(x,_,) =¢. Therefore P(%)=
o/ n U\{0}. As the inverse of P is given by

A NU\{0}3¢—x, €A

the continuity of the inverse of P follows from Corollary 5.6. O

Let P~': o/ n U\{0} —> % denote the inverse of P.

Let ¢ € ./\{0} and x=x?. Proposition 5.5 implies that x is slowly
oscillating and V(x, [t —r(x(t)), t]) =1 for all e R. All zeros of x are simple
since x is slowly oscillating. Let z_,(¢) denote the largest negative zero of
x? with ¥%(z_,(¢)) <0. Using also Lemma 2.2 and Proposition 5.1 the next
proposition easily follows and thus the proof is omitted.

Proposition 5.10.

(i) If $e/\{0} and x=x*, then the zeroset of x is given by a
sequence (zj(¢))1_(‘2, where J(¢)= oo if the zeroset is unbounded
from above, J(¢)eZ if the zeroset is bounded from above.
Moreover, z; () <z;(¢)—1 and x(z;($)) #0 for all je Z with

j<Id.
(ii) If pe.of nU\{O} and x=x?, then J(¢) >0 and

(#0): e 2, J<IP)) = x ¢ U
JeZ, 2j<J(9)=x. 4 €A U\0}
JjeZ, 2j<J(¢)= P(xzzj72(¢)) =Xz
JeZ, 2j<J(¢)= P_l(xzzj(m) =Xz 59

The next proposition contains information about slowly oscillating
periodic solutions of (2.1).
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Proposition 5.11. Assume that ¢ o/\{0} and x=x? is a periodic
solution of Eq. (2.1) with minimal period p > 0. Then

(i) p=2zyd)—zo(¢) and X has exactly one zero between two con-
secutive zeros of Xx,

(ii)
Mix,—x,_., [ —r(x(2)),0])=1 forall te(0,p) and teR

Proof. 1. (i) is contained in [41, Theorem 2.6].

2. The periodicity of x and Proposition 4.2(i) imply that, for every
fixed 7€ (0, p),

V(x, =X, [ —1r(x(2)), 0])
is independent of ¢. Thus, it suffices to show that
V(XZZ((},)—XZZW)_T, [_1,0])=1 for all TE(O, p)

This holds if we prove that, for every 7€ (0, p), x,4) — X,4)— has at most
one zero in [ — 1, 0]. By way of contradiction, let #,, t,€[zx(¢) — 1, z,(¢) ]
be such that ¢, <¢, and

x(ty) = x(t; — 1), X(1,) =x(1,—1)

From (i) it follows that there is a unique s € (z,(¢), z5(¢)) so that x(s) =0
and x is strictly monotone on the intervals (z;(¢), s) and (s, z,(¢)). Using
also the facts that the signs of x on (zy(¢), z,(¢)) and on (z,(¢), z,(¢)) are
different and that x is p-periodic and 7€ (0, p), we conclude that

s<t<t,=z,(P)<t,—t<t;—T<S
L<t,<s=>s—p<t,—1<t;—1<20(9)

L<s<ty=s—p<t;—1t<z0(0), i) <t,—1<s

In the first two cases we get 7, <t,. In the third case t, — ¢, = z,(¢) — zo(¢)
> 1 follows. This is a contradiction and the proof is complete. O

6. ASYMPTOTIC EXPANSION FOR SLOWLY OSCILLATING
SOLUTIONS

In this section we prove an asymptotic expansion for slowly oscillating
solutions converging to zero as t » —oo. In the constant delay case, Cao
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[10] proved asymptotic expansions in more general situations than slowly
oscillating solutions converging to zero. Our proof can be extended to get
the same type of results for solutions of Eq. (2.1).

Recall that u,=max Re(2), where X denotes the spectrum of the
generator of the solution semiflow (7(¢)),>, of Eq. (3.1). If 4 >0, then X
consists of a complex conjugate pair {u,+ive} with vye(n/2, 7). Recall
that Q and L are the realified generalized eigenspaces associated with the
spectral sets |J°_; (2 nSy) and 2 N S,, respectively.

Observe that Q and L are also the realified generalized eigenspaces
of T(1) associated with the spectral sets {e*: 2 e J7_, (£ S,)} U {0} and
{e*: 1e 2 N S,}, respectively. Define T, (1): L3¢+ T,(1)de L.

We want to apply the variation-of-constants formula from [17]. Let
us recall a few basic facts about dual semigroups. It is convenient to denote
dual spaces and adjoint operators by an asterisk in the sequel. The
elements ¢© e C* for which the curve

R*st—T(1)* ¢®e C*

is continuous form a closed subspace C© which is positively invariant
under the adjoints 7'(z)*, t > 0. The operators

TO(1): CO5¢P - T(1)*peCO, =0

constitute a strongly continuous semigroup on C©. Repeating this process
we obtain a subspace CO°c CO* The original state space C is sun-
reflexive in the sense that there exists a norm-preserving linear map
Jji C— CO%* with jC= COO,

For every continuous map g: R — C©* and reals ¢ <d the weak-star
integral

d
j TO(d—1)* §(1) dt e CO*

is defined by
d d
([ o= atn dr) 42) = [ (70— 0% 2te(9°) de

c c

for all $© e CO. One finds that all such weak-star integrals are elements of
the subspace C©© = jC.

There is, an isomorphism k: CO* - Rx L®(—1,0; R). Set rO* =
k=1(1,0).
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If g: R— R is continuous and if x: R— R is a solution of the linear
inhomogeneous equation

X(1) = —ux(1) + 17(0) x(r —1) + g(1)

then the curve u: R+ x, o€ C satisfies
t
ju(t) = jT(t — o) u(a)+j TO(1 — s)*(g(s) rO%) ds

for all reals ¢, o with t>o0.

The spectra of the generators of the semigroups (7°(¢)),», and
(T®(1)),5, coincide. Let Pr; and Pr}? denote the spectral projection
operators in L(C, C) and L(C®, C®) which are associated with the
spectral set {uo+iv,}. We have Pr,C=L. The adjoint operator Pr@*e
L(CO*, CO*) satisfies

PrO*CO* =L,  PrQ*oj=joPr,

and for g, x, u as before

Pr@*ju(t) = Pr@*jT(t — o) u(c) + ft TO(1—s5)* Pr*(g(s) rO*)ds  (6.1)

o

and

(id — Pro*) ju(r) = (id — Pr$*) jT(1 — o) u(o)

t
+f TO(t —s)* (id — Pro*)(g(s) rO*) ds (62)
for all reals t=0. TO(t)* can be extended to a one-parameter group on
PrO* CO* and (6.1) is valid for all ¢, o in R.
There exist K, >0 and J > 0 such that

ITO(1)* Pro*| < Kgeo™Pr 10 (6.3)
ITO()* PrP*| < Kpe®o=?',  1<0 (6.4)
| TO(1)* (id — Pr&*)| < Kye o=, t=0 (6.5)

Proposition 6.1. Assume that uy>0 and x: R—[ —B, A] is a slowly
oscillating solution of Eq. (2.1) with lim,_, __ x(t) =0. Then there exist real
numbers € >0 and a, b such that

x(t) = e*o’(a cos(vgt) + b sin(vyt)) + O(e™o+2 1) as t— —oo
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Proof. Select real numbers f and ¢ such that
B e (max{e”, e}, e*), 20 <ug, O<ug—u,

where u; =max Re({J7_, (2 nS;)). There is a norm |-| on C which is
equivalent to the supremum-norm |-|- on C and

1
Th(1) ' <—
[(T(1)) |<ﬁ

First, we claim that there exists K; >0 such that
X, clle<Kpe'ePt forall <0 (6.6)

It is easy to see that (6.6) follows from

. X,_ 1
lim sup ioiel 1
t— — oo |xt,C| ﬁ

(6.7)

If (6.7) does not hold, then there exists y>1/f and a sequence (") in
(—o0,0] with " - —oo0 and |x._y ¢l/|Xm | =y as n— co. Define

x(t"+ 1)

"' Rot—
|xt",C|

eR

The function z” satisfies

2"(t) = —uz"(1) +J1 fsx(t"+t—r(x(t"+1)))) ds
xz"(t—r(x(t"+1))), teR

and |zf | =1. Let v": R3 > e”’z"(t) € R. Then
1

v"(¢) =j SIsx(1" + 1 —r(x(1" +1)))) ds e# D —p(x(1" + 1)) (6.8)
0

for all e R. From the fact that x is slowly oscillating, it follows that V(x,
[t" 4+t —r(x(t"+ 1), "+ t])=W=" [t —r(x("+ 1)), t])= V(" [t—
r(x(t"+1)), t])=1. We also have

[r(x(s51)) = r(x(s,))| < max{r'(u):ue[ —B, A]} K |s; — s,
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Using also min{r(u):ue[ —B, A]} >0 and [’ <0, it is not difficult to see
that Proposition 4.3 can be applied to get K} >0 and «} >0 such that

[v"()| < Kex ! forall <0 and neN (6.9)

Using the facts x(¢1)e[ —B,A] for all teR, 0<inf, gr(x(2))<
sup,cr "(x(7)) < R, (6.8), (6.9) and the method of steps, we find K; >0 and
o; >0 such that

[0"(¢)| < K, e® ! forall reR and neN

Hence we obtain an exponential bound also for z* on R independently
of n. The right-hand sides of the differential equations for z” are bounded
on each compact subinterval of R. Therefore (z")¢° is a uniformly bounded
and equicontinuous sequence of functions on each compact subinterval
of R. By the Arzela—Ascoli theorem and the diagonalization process, there
is subsequence (z%);°_, and a continuous function z: R — R such that

n

z"%(t) — z(t) as k— oo uniformly on compact subsets of R

o0

Using the differential equation for z" we obtain that (Z"%)_, also con-
verges uniformly on compact subsets of R. Moreover, from x(z) » 0 as
t - —oo it follows that

[ 750+ 1=+ 1)) ds = £(0),
0
r(x(t"+1)) -1, as n— oo

uniformly on compact subsets of R. Consequently, z is differentiable on R
and satisfies Z(¢) = —uz(t) + f'(0) z(t —1) for all e R; moreover, |z |
=1, |z_, ¢l =y=1/p. The fact that x is a slowly oscillating solution and
Lemmas 2.6 and 4.4 combined yield

Vix, [t"+t—r(x(t"+1)), " +1])=1 forall teR, neN
Then
iz [t—r(x(t"+1)),t])=1 forall teR, neN

Applying also Lemma 4.1(i) and the facts that z, ~#0 for all reR,
r(x(t"+1¢t))—>1 as n— oo for all reR, and z" — z as k - oo uniformly on
compact subsets of R, we obtain

iz, [t—1,t])=1 for all reR
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Hence, by Lemmas 3.1(v) and 44, z, ceL for all 1+<0. Then from
(T.(1))~' < 1/B, it follows that

1

1
1z_1,cl <7 lz0,cl=
B B

a contradiction. Therefore (6.7) and consequently (6.6) hold.
We want to apply the variation-of-constants formula from [17]. We
may write

X(t)= —ux(t)+ f1(0) x(t —1)+h(t)
for all 1 € R, where
h:Rat f(x(t—r(x(1)—f(0)x(t—1)eR

is a continuous function. Using assumption (H1), the Taylor formula, and
the mean value theorem, for every 7€ R, we find reals &, #, 6 between 0,
x(z—r(x(t))) and 1, r(x(¢)) and 0, x(¢), respectively, so that

(1) =f(x(t = 1(x(1)))) = f'(0) x(z = r(x(2))) + f'(0)[x(z = 1(2))) = x(1 = 1)]

=L 2t Hxa) + £10) )T rx(0))
=L 0 — (0 ) #10) 300

From (H1), (6.6), and Eq. (2.1), it follows that there exists K, > 0 such that
|%(1)] < KheteP ! forall <0

Therefore, there exists K, >0 such that
|h(t)] < Kye*loeh) ! for all ¢<0 (6.10)

Applying (6.3) and (6.10), for all ¢@e C® with |¢®| <1 and reals
s <t <0, we obtain

LTt —5)* PrP*(h(s) ro*)1(¢°)]
SUTO(t—5)* PrP*|| [h(s)] [rO*| S KoK, [[rO* | eMo™ @ feto=22 (6.11)

Analogously, from (6.5) and (6.10), for all ¢© e C© with ||¢©| <1 and reals
s<t<0, we get

ILTO(r —5)* Pr@*(h(s) rO*)1($°)] < KoK, [[rO* || eo= 2 eto® (6.12)
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The last two inequalities, (6.4), and u,>20 >0 combined yield that, for
every ¢t <0 and ¢ <0, the weak-star integrals

f’ TO(t —5)* (id — PrO)(h(s) rO*) ds,

— 00

ft TO(t —s5)* PrP*(h(s) rO*) ds, fa TO(t — 5)* PrO*((s) rO%) ds

exist. Moreover, these integrals are elements of COO.

From (6.5), (6.6), and the choice of f, J it follows that, for all
o<t<0,

I(id = PrP*) jT(t — o) u(o)|| = | T®(t — 0)* (id — PrP*) ju(o)|
< K K, etto—9i—0)plog )
< KOKIe(uo—é)(t—a)e(uo—éﬂ)a

< KOKle(uo—é) te(5/2)a'

Consequently, letting ¢ > — oo in (6.2) with g =/, we conclude that

(id — Pro*) ju(r) = f TO(1 —5)* (id — PrO*)(h(s) rO%) ds,  1<0

— 00

Using the above equality, (6.11), and the definition of weak-star integrals,
we find

KoK, [rO%|

Uy

I(id — PrP*) ju(1)| < e@n=r <0

For all >0 we have

ft TO(1 — 5)* PrO*(h(s) rO%) ds
0

= r TO(t —s)* Pr?*(h(s) rO*) ds—Jo TO(t —s)* Pr(LD*(h(s) rO*) ds

— 0 — oo

=" 7O —s)* PrP¥(h(s) rO¥) ds

— 0

— TO(1)* fo TO(—s)* PrO*(h(s) rO%) ds

— 00
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The integral [  TO(—s)* Pr@*(h(s) r®*)ds is an element of Pro*CO*
= jL. Set

YOO = fo TO(—s)* PrO*(h(s) rO%) ds

— 00

Inequality (6.12) and the definition of weak-star integrals yield

Therefore

t
| O —s)* PrPx(n(s) rO%) ds| < =D 1<

— 0

KoKz IrO*|
—-20

Ju(t) =Pr&* ;T (1) u(0) — TO(1)* yOO + O(e* =) as t— —w
Using the relations Pr&*T (1) = jT(¢) Prp and j ~'T®(s)* =T(¢) j ~', the
fact that the term O(e®®~%7) above is an element of CO®, and applying
j~!, we conclude that

x, c=T()(Prpxe c—j = WOO) + O(eP0=2) as - —
Since Pryxo «—j 'Y€ L, there exist reals a, b with

T(1)(Prpxo, c—Jj ~"WO9)(0) =e“'[acos(vyt) + b sin(vy?)]

for all e R. Consequently, the assertion holds with & =uy—J. O

7. SIGN CHANGES FOR DIFFERENCES IN .o/
In this section we show that for two different elements ¢ and  of .o/

and the corresponding solutions x=x?: R—»[ —B, 4] and y=)»¥:R—
[ =B, A], we have

Vix—y, [t—r(x(2)),t]) =1 forall reR (7.1)

This fact is important in the proof of the injectivity of a map from .o/ into
R? in Section 8.
We first remark that (7.1) implies that

Vix—y, [t—r(y(2)),t]) =1 forall reR (7.2)
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Indeed, if x(¢) — y(z) # 0 for all large negative ¢, then V(x — y, [t —r()(2)), t])
=1 for all large negative ¢ because of the definition of V. Then, by Lemma 2.5,
the monotonicity property of ¥ in Lemma 4.2(i) can be applied to get (7.2).
If x(¢")— y(¢")=0 for a sequence {7"} with " —> —o0 as n— oo, then
r(x(t"))=r(y(t")) and V(x—y, ["—r(p(t")), t"]) = 1. Hence the monoto-
nicity of V implies (7.2).

Proposition 7.1. V(¢ —y, (—r(¢(0)),0])=1 for all ¢, in o/ with
PFY.

Proof. Let ¢, Y e.o/ with ¢ #. Set x=x?, y =¥ and define : R>
t—t—r(x(t)) e R. Recall, from Proposition 5.5, that: x,# y, for all 1e R,
and x and y are either slowly oscillating or zero. It is also true that

(X = W)tr—rxy, 1 £ 0 (X =D te=riney), 1 £ 0, forall reR

Indeed, assume that (x— y)|[,_ ,x). =0 for some reR. Let 7, =inf{s:
x(u) = y(u) for all s<u<t}. We have 1 — R<1,<t—r(x(z)). Then X(s)+
ux(s) = y(s)+uy(s) and r(x(s))=r(y(s)) for all se[t,, t]. The equations
for x, y and the injectivity of f imply that

xX(s—r(x(s))) = f X (s) +ux(s)) = £ TH(s) +py(s))
= Y(s—r(y(s))) = y(s —r(x(s)))

for all se[t,,t]. Hence x(u)= y(u) follows for all ue [min{s—r x(s ))
to<s<t},t]. This contradicts the definition of ¢, since min{r(u)
—R<u<0}>0.

In the remaining part of the proof we distinguish several cases and
subcases.

Case 1. a(¢)=o(y)={0}. Either ¢ #0 or Y #0. We may assume
¢ # 0 since, by the remark preceding the proposition, there is a symmetry
in the role of ¢ and . Then x(¢) >0 as t— —oo. So, there exists a

(o]

sequence (#*)° in (—oo, 0] such that " - — oo as n — oo and
|x(¢")] =sup{|x(t"+1)| : 1 <0}
Define

X"+ 1)
|x(2")]

2" (—00,0]2t—
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The functions z”" satisfy

(0= 0+ [ x4 as ) LD
: Bt

for all <0

and |z"(¢)| <1 for all 1<0. There is a uniform bound for the right-hand
side of the differential equations for z”, ne N, on ( — oo, 0]. Therefore (z*)5°
is a uniformly bounded and equicontinuous sequence of functions on
(—o0, 0]. By the Arzéla—Ascoli theorem and the diagonalization process,

there is subsequence (z")°_, and a continuous function z:(—o00,0] —

[ =1, 1] such that
z™(t) — z(t) as k— oo uniformly on compact subsets of (— o0, 0]
Using the differential equations for z% we obtain that (Z")g°_, also con-

verges to Z uniformly on compact subsets of (— oo, 0]. Moreover, from the
fact x(¢) » 0 as t » — o0, it follows that

jl f'(sx(n(t"+1))) ds— f'(0), r(x(t"+1) -1, as n— oo

uniformly in (— oo, 0]. Consequently, z satisfies
Z(t)y=—uz(t)+ f'(0) z(t —1) for all <0
and [z(0)| =1, |z,] <1 for all 1<0. Then Lemma 3.1(ii) implies u,>0,

where u, denotes the maximum of the real parts of the points in the
spectrum of the generator of the solution semiflow of Eq. (3.1).

Case 1.1. uy=0. From x(z)— y(¢t)—>0 as t > — oo, it follows that
there exists a sequence (¢*)° in (—oo, 0] with "> —oo0 as n — co and

|x(¢") — y(t")| =sup{ |x(1"+ 1) — y(¢"+1)| : 1 <0}
Define

X(t"+ 1) — p("+ 1)
|x(2") — p(1")]

2" (—00,0]2t—

Then the functions z” satisfy

(1) =a(t) () + b"(1) 2(t —r(x(" + 1)),  t<0
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with

a’:(—o0,0]at—> —u

—jlf’{[l—s] "+t —r(y(t"+ 1))+ sy(t"+ 1 —r(x("+ 1))} ds
xr HIL=s1(t"+t—r(p(1"+ 1) +s(t"+t—r(x(t"+1)))} ds

xflr’{[l —s]x(t"+1)+sy(1"+1)} dseR
0
b": (—o0,0]2¢
Hff'{[l — 5T (" + t —r(x(£" + 1)) + sx(£" + t — r(x(1" + 1))} dse R
0

From x(z) -0, y(¢) > 0 as t > — o0, it follows that
al(t)— —p, b"(t)>f"(0), r(x(t"+1))—>1, as n—oow

uniformly in (—oo, 0]. Then, in the same way as in Case 1, the Arzela—
Ascoli theorem can be applied to find a subsequence (z)g_, of (z")§°
converging uniformly on compact subsets of (—o0,0] to a continuously
differentiable function z: (— o0, 0] — R satisfying

()= —uz(t) + f'(0) z(¢—1), <0
Iz, <z(0)] =1, t<0

Moreover, (Z"%)g°_, converges uniformly on compact subsets of (—oo, 0]
to Z. Then Lemma 3.1(iii) implies that

Mz, [t—1,t])=1 for all <0

Defining
w:(—o00,0]3t—>e*z(1)eR
we have
w(t)=e*f"(0) w(z—1) for all <0
and

Viw,[t—1,1])=1 for all <0
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Hence Lemma 4.2(iii) implies that w|;, , ;€ H|;,_, ,; for all 1<0. Then
it follows easily that also z|;,  ,y€H|;,_,, , for all 1<0. Thus Lemma
4.1(ii1) can be used to get, for all sufficiently large k € N, that

Wz, [ —r(x(1%)),0])=V(z, [-1,0])=1

By Lemma 2.6, the differential equation for x — y can be transformed to the
form of Eq. (4.1), where x(¢) — y(¢) and v(¢) have the same signs for all
t<0. Hence, Lemma 4.2(1) yields

1< V(¢ =, [ —r(4(0)),0])
S Vx(e™+ ) =yt + ), [ —r(x(17)), 0])
= V(2" [ —r(x(1")),0])=V(z, [-1,0]) =1
for all sufficiently large ke N. Thus, V(¢ —y, [ —r(¢(0)),0])=1.
Case 1.2. uy>0. In the case  #0, also Propositions 5.5 and 6.1

imply that there exist real numbers ¢, >0,¢,>0, a, b, ¢, d such that with
¢=min{e,,¢,} we have

x(1) = e*(a cos(vyt) + b sin(vyt)) + O(e+21)

(1) =e*(c cos(vgt) +dsin(vyt)) + O(e o+ 1)
as t > —oo. In the case y =0, y=0 and the above asymptotic expansions

hold, with e=¢,, c=d=0, and q, b, ¢, given as above. If (a, b) # (¢, d),
then

x(t)—y(t) = e”o’(\/(a—c)2+ (b—d)?sin(vyt + ) + O(e®))

for some ye[ —n, ] as t > —oo. For every integer k, defining

p_(kthm—y 1

Vo
we obtain

1 Vg 1 Vg & &
A — = < < Py - —l<st<
<k+2>n > Vol + 7y <k+2>n+2 for ¢ <<t

Using vy e (5, m), we find 6 >0 such that, for every integer £,

Ja—e)+(b—d)? [sin(vet +7)| =0, F—1-0<r<t*
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If t > — o0, then r(x(t)) — 1. So, for all sufficiently large negative integers k,
r(x(t*)) <1+6 and

|x(2) — y(¢)| >0 for t*—r(x(t5))<t<i®

Hence, the monotone property of V implies that V(¢ —, [ —r(4(0)),0])=1.
Now we show that the case (a, b)=(c,d) is impossible. Assume
(a, b) =(c, d). Then there exists K,> 0 such that

[x(1) = p(1)] S Ko™, 1<0 (7.3)

Then it is easy to see that there exists a sequence (¢")° in (—o0, 0] such
that 1" > —oo as n— oo and

IX(£"+ 1) — p(1" + )] < |x(£") — p(t")] e +eD 1 forall (<0  (7.4)

Define

X(t" 4+ 1) — p(" + 1)
|x(2") — y(1")]

" (—00,0]2t—

(7.4) implies that
|27(¢)| <e™+¥Dt  forall t<0 and neN

and |z*(0)| =1. Similarly to Case 1.1, by the application of the Arzéla—

Ascoli theorem, we find a subsequence of (z")5° converging uniformly
on compact subintervals of (—oo,0] to a solution z of Z(¢#) = —uz(t) +

£'(0) z(t—1) with
1z(0)| =1, |z(2)] S eMoteD forall <0

This contradicts Lemma 3.1(iv), and the proof of Case 1.2 is complete.

Case 2. a(d)#{0}. The compactness of .« implies the existence of
X p in o/ and a sequence (¢")s° in (—o0,0] such that y#0, x,.—y,
ym— p, and 1" —> —oo as n — c0. Let w, z denote the solutions of Eq. (2.1)
with wo=y, zo=p.

If y # p, then it suffices to show that

Viw—z, [t—r(w(1)),t]) =1

holds for some t< —4R. Indeed, V(w—z, (s—r(w(s)),s])=1 for all s>
—4R implies, by Remark 4.5 and Lemma 4.2(i) and (iii), that

(W —=2)[ w0y, 01 € H[ —rwio)), 03
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Since the C and C' topologies in .o/ are equivalent by Corollary 5.6(ii), it
follows that

Xp— Y>> Wog—Zog=) —p as n— oo
in the C'-topology. Then Lemma 4.1 (iii) implies that
V(X— Vs [[n - r(x(tn))> tn]) =1

for all sufficiently large ne N. Hence, by Lemma 4.2(i), V(x—y, [t—
r(x(2)), t])=1 for all te R, and, in particular, V(¢ —y, [ —r(4(0)),0]) =1.
Now we consider different subcases.

Case 2.1. x#0, p=0. Then z=0. From y#0 it follows that
2 €</\{0}, and thus Proposition 5.5 implies that

Viw—z, [t—r(w(t)), t])=V(w, [t—r(w(?)), t])=1, teR

Case 2.2. y+#0, p#0, y#p. By Lemma 2.2, w has arbitrarily large
negative zeros. Lemma 4.2(iii), Remark 4.5, and Proposition 5.5 combined
imply that w is slowly oscillating with simple zeros. If ' <¢” < —4R are
consecutive zeros of w and w>0in (¢, ¢"), then " — ¢ > 1 and r(w(¢")) = 1.
Then w>0 on [t—r(w(t)), t] for all £ <¢”" sufficiently close to ¢”. The func-
tion z is also slowly oscillating with arbitrarily large negative zeros. Conse-
quently, there is s < ¢ such that z(u«) <0 for all [s—1, s]. In the case z has
arbitrarily large zeros we find o >¢" so that z(u) <0 for all [g, —1, d].
Continuity of r, w, z allows us to choose 7 <" sufficiently close to " so
that the reals s, ¢, o satisfy s<t< —4R, t <o,

w(t+u)—z(s+u)>0 forall wuel[—r(w(z)),0] (7.5)
and

w(t+u)—z(oc+u)>0 forall wuel[—r(w(t)),0] (7.6)
If z(u) #0 for all large u, then z(u) >0 as u — co by Lemma 2.2. In this
case fixing te (¢, ") so that (7.5) and w,|[ _ ), 07> 0 are satisfied, and

choosing ¢ >t with

max lz(o + u)| < min w(t+u)
ue[—r(w(2)),0] ue[—r(w(2)), 0]

(7.6) holds.
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Our aim is to show that
Viw,—z,, [—r(w(1)),0]) =1
Assume the contrary, that is, that
Viw,—z,, [ —r(w(t)),0])>1 (7.7)
(7.5) and (7.6) imply that
V(w, =z, [—=r(w(2)), 01) = V(w,— z,, [ —r(w(1)), 0]) =1
Define

&= sup{g =0:w,| [—row(£)),01 7 Zs+u | [ —r(w(2)), 071>

Viw,—zg s [—1(w(2)),0])=1forall 0<u<e}
and

5= SUP{3 =0: Wt|[7r(w(t)),0] 7éza'7u|[7r(w(t)),0]a

Viw,—zZg_u [—r(w(2)),0])=1forall 0<u<e}

(7.5) and (7.6) imply &,>0 and ¢,>0. We also have ¢;<t—s and
&, <a—t, since the set

{ueR: Welt (), 01 7 Zul [ —r(wiey), 015 V(W= 24, [ —1(w(2)), 0]) > 1}
is open by Lemma 4.1(i), and ¢ belongs to this set by (7.7).

Case 2.2.1. Wl w0, 01 7 Zste | [—row(y),07- Lemma 4.1(1) implies
that

VOV, =240 [—r(w(1)), 01) =1
Then, by Lemma 4.2(1),

VWi se—Zgqo 40 L—rw(t+7)),0]) =1 forall 7=0
Fix 7>4R. Lemma 4.2(iii) yields

Wipr ™ Zs4e+2€ H[fr(w(tJrr)),O]
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Using Lemma 4.2(iii), we find y >0 such that

¢ <0, | —r(w(t+1))—cl<y, xeCY[c 0], R)

max |w(t+t4+u)—z(s+e,+7+u)—r(u)|
uelc, 0]

+ max |w(t+t+u)—Z(s+e,+1+u)—rKu)|<y
uelc, 0]

imply that
Vi, [c,0])=1
We claim that there exist f; >0 and n; € N such that
VXitowm = Vwaroapem [—rx(t+7427)),0]) =1 (7.8)
for all integers n>n,; and fe[0, f,].
Since z: R— [ — B, 4] is a solution of Eq. (2.1), we obtain that Z and

Z are bounded functions on R. Hence it follows that

sup |z(u) —z(u + B)| — 0, sup |Z(u) —Z(u+ p)| - 0

uelR ueR

as f— 0. Choose ff; >0 such that

sup |2(u) — 2(u + B)| + sup |2(u) — Z(u+ B)| <§

ueR ueR

and w,#z,, ,pfor all fe[0, ;]

We have
x(t" +u) - w(u), X(t"+u) > w(u) as n— o
(" +u) - z(u), Y(t"+u)— Z(u) as n— oo

uniformly on compact subsets of R. Hence there exists n,e N such that

4

Wihe=Xigeqmlca <3

254 e, re4p™ Vsroyrerpromlle <§
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for all integers n>n, and all fe[0, f;]. Let us choose n; €N such that
n, >n, and

[r(x(t+7+1")—r(w(t+1))| <y for all integers n>n,
Fixing n>n,, [0, f;], and choosing c¢= —r(x(t+7+¢")) and x(u)
=x(t+t+t"+u)—y(s+e,+7t+p+1"+u), we obtain V(x, [c,0])=1.
Consequently, (7.8) holds for all integers n>n, and all fe[0, §,].
Now, for any n>n,, pick keN such that k>n, and "—t*—7>0.

There is such a k since t* > — oo as k — oo. Then ¢+ 7 + t* < ¢+ ¢". There-
fore, using (7.8) and Lemma 4.2(1),

L= V(X er b= Voro s erpores [ —r(x(t+7415),07)
Z V(X = Vorowprom [ —r(x(1+17)),0])
for all integers n>n, and all fe€[0, f#,]. Hence Lemma 4.1(i) implies that
VW, = Zsie 45 L—1(w(1)), 0]) =1
for all 0 << f,. This contradicts the definition of ¢,.

Case 2.2.2. W[ _rw(1)), 01 # Zo—s, | [ —rwr)). 01- We get a contradiction
analogously to Case 2.2.1. We have

Viw, =z, [—r(w(1)),0]) =1
and for fixed 7 >4R
Witr—Zg—o,+1 EH[ w0, 01)
The application of Lemma 4.1(iii) gives f, >0 and n, e N such that
VXt e Voo resmps [—r(x(t+1+17),0])=1

for all n=n, and all fe[0, f,]. Hence, in the same way as in Case 2.2.1,
the monotonicity of V implies that

V(X4 m— YVo—e,+1"—p> [—r(x(z+1")),0])=1

for all n=n, and all [0, f,]. The lower semicontinuity of V' gives

Viw, =z, 5. [—r(w(1)),0]) =1

for all pe[0, f,], contradicting the definition of ¢,,.
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Case 2.2.3. Wit —rwn). 01 = Zs 4 o, [ L —rowa), 01 = Zo =, I L —rtw), 07+ I

this case z is periodic since z is determined by z, ., |[ _r(s+sp),01=

Zyye, | [—rwmn, 0 and s+ &, <1 <0 —¢,. wis also periodic since it is a trans-

late of z. Using also w,#z,, it follows that z,=w,__ for some t€(0, p),
where p is the minimal period of w. Proposition 5.11(ii) yields

Viw,—z,, [ —r(w()),0])=1 for all reR

Case 2.3. y#0, y=p. Then w#0 is a slowly oscillating solution.
Either w is not periodic or w is periodic with minimal period p > 0. Let
&, >0 be arbitrary if w is not periodic; otherwise choose ¢, € (0, p). Then

W, 7 Wy for 0<e<g,
For 0 <& <g,, define x*: Rt x(¢+t) e R. Then
X5 = W, Y= Zg
as n— o0. We have
w, #0, zo#0, W, # Zo, for O<e<eg,

Therefore, replacing x and y with x° and w,, respectively, Case 2.2 can be
applied to obtain

Vixt—y, [t—r(x%1)),t]) =1 forall reR

We have sup,, g |X*(u) — x(u)| = 0 as ¢ » 0. Thus, the lower semicontinuity
of V' in Lemma 4.1(1) implies that

Vix—y, [t—r(x(1)),1])=1  forall teR
and in particular

V(¢ =, [ —r(¢(0)),0]) =1 O

8. THE POINCARE-BENDIXSON THEOREM ON .o/

Recall from Proposition 5.5 that for every ¢ e.o/ there is a unique
phase curve Ra7+—x%e Ly in o/ and w(¢), a(¢) are nonempty compact
connected and invariant subsets of .o7.

Theorem 8.1. For every ¢e.o/, either (¢ ={O} or 0¢w(d) and
(@) is a slowly oscillating periodic orbit; either a(¢)= {0} or 0¢ a(¢) and
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a(¢) is a slowly oscillating periodic orbit. If ¢ € .o/ and x? is neither identi-
cally zero nor periodic, then a(¢) nw(¢) = .

Proof. Define

"o e
P(—r(4(0)))
Clearly, & is continuous. Let ¢,y be in .o/ with ¢ #, and set x =x?,

y=y¥. Then x,, y, are in ./ and x,# y, for all teR. Proposition 7.1
implies that

h:;z/ad)l—»(

Vix—y, [t—r(x(1)),t])=1 forall reR
Then it can be easily shown, by applying Lemma 4.2(ii), that
(x(2) = ¥(2), x(1 —r(x(1))) = y(t —r(x(1)))) #(0,0)  forall reR

In particular,

() ;é( V(o) >

Y(—r(¢(0))

If ¢(0)#y(0), then h(¢)#h(y). If ¢(0)=y(0), then Y(—r(¢(0)))=
Y(—r(¥(0))). Therefore,

h($) #h(y)

So, A is injective. Since ./ is compact, it follows that A(.e7) is also compact
and / is a homeomorphism.

For each &% e h(.o7), there is a unique ¢ € .o with h(¢) = £°. The unique
solution x? of Eq. (2.1) gives the continuous curve &: R37>/h(x?)e
h(</) = R% We call ¢ the canonical curve through ¢° The canonical curves
are C'-curves since the mapping

d _ )éd’(t) )
Ro 1o g hxp) = <x‘¢(r—r<x¢(z)>)[1 (1) x'¢(z)]> R

is continuous.
Define

v, ={(u,v)"eR*:u=0,v>0}

Let ¢ge.o/, x=x? and assume that, for some teR, h(x,)ev,, that is,
x(2)=0 and x(t—r(x(¢)))=x(t—1)>0. Then ¢ #0 and Proposition 5.5
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implies that x is a slowly oscillating solution. This fact, x(t —1) >0, and
x(1) =0 combined imply that x,e.oZ n U\{0}. It also follows that x(z) <0.
Hence we obtain that v, is transversal to the canonically determined
curves in the following sense:

<(1, 0), % h(x,)> =x(1) <0
This implies that if #(x?)ev, for some ¢e.o/\{0} and reR, then there
exists ¢>0 such that i(x?) belongs to the first quadrant of R? for all
se(t—e, t) and to the second quadrant of R? for all se(t, t +¢).

If $=0, then a(d)=w(¢)=1{0}. Let ¢e.o7\{0}. Proposition 5.10
implies that there are 7€ R and € .o/ n U\{0} such that y = x?. Clearly,
a(¢)=o(y)) and w(¢)=w(y¥). Thus, it is enough to prove the statement of
the theorem for ¢ € .o/ N U\{0}.

Let ¢/ nU\{0} and E°=h(¢). Let ¢ denote the canonical curve

through £° As x? is a slowly oscillating solution by Proposition 5.5, we
find that

h(/ A UN{O}) =1, ~h(A) (8.1)

Hence it follows that &(7)ev . if and only if 77 (&(1)) =x? e .o/ A U\{0}.
Proposition 5.10 yields that, for each e R,

E(t)ev, if and only if e {z,/(¢):jeZ, 2j<J(9)}
where (z;(¢))”%) is the zeroset of x?. Let
fj=f(22j(¢))=h(xf2j(¢)) for jez,  2j<J(¢)

and define s/ so that x%;=h~Y(&’) or, equivalently, &(s/) =&/ (&/)”7 is a
sequence in /i(.o/ " U\{0})<cwv,, where J* = o0 if J(¢) = o0, and J*e Z if
J(¢) € Z. Clearly, the sequence (s/)”"_ is increasing.

The sequence (£7)””_ is monotone with respect to the natural ordering
<, of {(u,v)"eR*:u=0}. Indeed this follows from the Jordan curve
theorem and the facts that F, is a flow on ./ and / is a homeomorphism
of .o/ onto h(.</).

Define

(o= lim &
j— —o
¢ _{limjaooéf if J*=o0
© (0, 0)" if J*ez
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¢, lpeh(odnU)cv, u{(0,0)"} since i(.o/ N U) is a compact subset
of R% Now we need the following two claims.
Claim 1. (i) If ¢/—¢& as j—» —oo and Eev,, then Eeh(o/ N U\

{0}), x"7'© is a slowly-oscillating periodic solution of (2.1) and a(¢)=
{x"” 1(‘5) (e R}.

(ii) If J*=c0 and &/— & as j— o0 and éev+, then Eeh(o/ N U\
{0}), x"7© is a slowly oscillating periodic solution of (2.1) and w(¢)=
{x"7' O reR).

t

Proof of Claim 1. Suppose that &/ — ¢ as j— —oo and Eev,. We
have &/, e h(o/ n U\{0}) for all integers j <J*. Proposition 5.10 implies
that

YY) =h~YE7Y)  for all integers j<J*

Using that h Y&, h='(¢)eo/ nU\{0} and that A~ is continuous on
h(.</) and P~ is continuous on .«/ N U\{0}, by letting j > — oo, we obtain

“HhTHE) =hTNE)

Therefore, h= (&) =P(h~"(&)) = F(q,(h~"(&)), h~(&)) and thus x* " is
¢2(h~Y(&))-periodic. Proposition 5.1 implies that g, =q,(h~'(¢)) is the
minimal period and x"~'©) is slowly oscillating. Let O={x""©: 0<1¢
<¢,}. We have to show that dist(x?, 0) >0 as t—> —oo. Let ¢>0 be
given. From Lemma 2.4 and Proposition 5.1 it follows that there exists
d3=03(¢) >0 so that for every ye.o/ nU\{0} with |y —h~' (&) <5 we
have

dist(x¥, 0)<e  forall se[0,q,+1]
and
lg2(¥) — g2l <1
There is j, € Z such that
[~ —h=Y(E)l<d  for all integers j< j,
Let ¢t <s’. Choose j, €Z so that j, < j, and s/1<t<s17!1<s/, By the

choice of j,, A=Y (&EN)—h~'(&)| <d. Hence, using also h~ (&) e N
U\{0}, it follows that

g2(h=H(&M)) <qx+1
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and
dist(x" "¢, 0)<e  forall se[0,q,+1]

From x%,.1=F(g,(h~'(&M), x%,), we obtain 1—s/t<gy(h~'(EN)) <
¢, + 1. Consequently,

dist(x?, 0)<e

As ¢>0 was arbitrary, a(¢) = O follows, and the proof of assertion (i) in
Claim 1 is complete. The proof of assertion (ii) is analogous.

Claim 2. (i) If & —(0,0)" as j— — oo, then a(¢) = {0}.
(i) If J*=o0 and &/ — (0,0)” as j— oo, then w(¢)={0}.

Proof of Claim 2. Assume that &/ — (0, 0)” asj — — co. By Lemma 2.4,
for each ¢>0, there exists 0 =d(¢) >0 so that y € Lg and ||| <J imply
that ||x¥| <e for all s€[0, R]. Let &> 0 be fixed. Choose j, € Z such that
IA=YET) | < 0(5(e)) for all integers j< j,. Let t < s/%. Choose j, € Z so that
J1<Joand s <t < s/ < s/, We have |2 (E/)]| <(5(¢)). It follows that
x| < (e) for 0<s < R. We state that

IF(s, i~ (M) <d(e)  for 0<s<qy(h~'(E)) (8.2)
The case ¢,(h~Y &))< R is obvious. Assume that ¢,(h~'(&/1))>R.
Propositions 5.1 and 5.10 imply that F(s, A~ 1(&/1))(0) <0 for all se
(0, g;(h=(&/1))). Using Eq. (2.1) and (HI1), it follows that the func-
tion [0, 00)3s> F(s, h~'(&/1))(0)eR is increasing on the interval
[R, g,(h=1(&71))]. Therefore (8.2) holds. Equation (8.2) implies that
IF(s, =1 (&) <e for 0<s<qy(h' (&) +R

Hence, similarly to the proof of (8.2), we obtain

IF(s, A=Yl <e  for  qy(h='(EM) <s<qa(h™1(EM)) (8.3)
Since d(¢) <¢, (8.2) and (8.3) yield

IF(s, i~ (EM)l<e  for 0<s<gy(h™1(EN))

Observing that ¢t —s/1 < g,(h~(&/)) follows from s/1<t<s/1t1, we con-
clude that

Ix? | = 1F(t—sh, h=1(EM)] <e
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Since ¢>0 was arbitrary, x¥ >0 as t— —oo, and thus a(¢)={0}. The
proof of assertion (ii) is analogous.
According to the relation between &_  and &, we consider six cases.

Case 1. ¢__,=¢,=(0,0)". We show that this case cannot occur.
Assume that J* < co. Lemma 2.2 implies that x?(¢) > 0 as ¢t — oo. Hence
&(t)—(0,0)" as t— oo. From this fact and the Jordan curve theorem it
follows that (¢7)7"  is strictly decreasing. Consequently, (0,0)” <, ¢&_ .,
a contradiction. So, J*=o00. As (£/)®_ is a monotone sequence in v,
¢_.=¢,=(0,0)" is impossible. Therefore this case cannot occur.

Case 2. (0,0)"=¢_ #¢_ . There are two subcases.

Case 2.1. (0,0)"=¢,#¢_ . and J* < oo. Claim 1 gives that a(¢) is
a slowly oscillating periodic orbit. w(¢) = {0} follows from Lemma 2.2.

Case 2.2. (0,0)"=¢,#¢_ and J*¥=o00. Claims 1 and 2 imply
that a(¢) is a slowly oscillating periodic orbit and w(¢)={0}.

In the remaining cases (0, 0)” <, ¢, which implies that J* = co.

Case 3. (0,0)"=¢__<,¢.,. Applying Claims 1 and 2, we get
a(¢)=1{0} and that w(¢) is a slowly oscillating periodic orbit.

Case 4. (0,0)"<,¢,<,¢_. In this case both a(¢) and w(¢) are
slowly oscillating periodic orbits by Claim 1. Proposition 5.11 implies that
the intersection of a slowly oscillating periodic orbit with .o/ n U is a single
point. As h=Y(&¢ ) and (& _ ) are different points of o7 N U, it follows

that a(¢) Nnw(¢)= .

Case 5. (0,0)"<,¢_ . <,¢,. Analogously to Case 4, a(¢) and w(¢)
are slowly oscillating periodic orbits with a(¢) N w(¢p)= .

Case 6. (0,0)"<,¢&_ =¢.Inthiscase E/=¢_ =& forall jeZ.
Claim 1 implies that x? is a slowly oscillating periodic solution.

Observe that, by the uniqueness of the zero solution in .o/, a slowly
oscillating periodic orbit does not contain 0. The proof is complete. O

9. o7 IS HOMEOMORPHIC TO THE CLOSED UNIT DISK

Finally, we prove a topological property of .7 provided .«7 is different
from {0}.
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A sufficient (and by Theorem 8.1 also necessary) condition for
o/ #{0} is the existence of a slowly oscillating periodic solution. From
[41] it can be obtained that if

u

SO < o)

where v(u) € (n/2, ) is the solution of v= —pu tan v, then Eq. (2.1) has a
slowly oscillating periodic solution, and consequently, <7 # {0}.

Theorem 9.1. Assume that </ #{0}. Then there exists a slowly
oscillating periodic solution y with minimal period © >0 such that the simple
closed curve n: [0, 1] = y,€ Lg with trace in </ satisfies

h(</)=Mmt(hon)

Consequently, o/ is homeomorphic to the two-dimensional closed unit disk so
that the unit circle corresponds to a slowly oscillating periodic orbit.

Proof. 1. From (8.1) and A(0) = (0, 0)”, it follows that
h(of " U)= (v, u{(0,0)"})h(<) (9.1)

Recall that .o/ n U is a connected set by Corollary 5.8. From these facts and
o/ # {0} we obtain the existence of v* v, with

h(oZ "U)={sv*: 0<s<1} (9.2)
Set y = x""'"),

We claim that y is periodic. Let (&/)7"  be the monotone sequence of
intersections with v, of the canonical curve & through v* as defined in the
proof of Theorem 8.1. We have £°=v*. The sequence (£/)7"_ is either con-
stant or strictly increasing since (1, o0) v* N (o) = by (9.1) and (9.2).
Define ¢_, and &, as in the proof of Theorem 8.1. If (&/)”"_ is strictly
increasing, then necessarily J* < co and thus &, = (0, 0)" since £°=v* and
(1, o) v* nh(/)= . On the other hand, by the increasing property of
(&9)”* ., we have (0,0)"=¢,>, ¢ >,(0,0)”, a contradiction. There-
fore, (¢/)”" is a constant sequence and J* = co. Analogously to Case 6
of the proof of Theorem 8.1, we conclude that y is a slowly oscillating
periodic solution.

)

2. Let >0 denote the minimal period of y, and set #:[0,7]3¢+—
y, € Lg. Propositions 5.10 and 5.11 and the fact that / is a homeomorphism
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combined imply that the curve Aoy is simple closed and has values in
h(2/)\{(0,0)"}. Let ext(hon) and int(hon) denote the unbounded and
bounded components of R2\|/o#|, respectively. Using that the only inter-
section of oy with v, U {(0,0)"} is v* and (1, c0) v* is unbounded, it
follows that (1, oo0) v* < ext(hon). Moreover, since the intersection of 4oy
with v, U {(0,0)”} is transversal at v¥, it also follows that

[0,1)v* < int(hon)

In particular, (0,0)” € int(Zon).

3. We claim that ext(hon)nh(</)= . Suppose that there exists
a point yeh(/)n ext(hon). Then y#(0,0)" and h~'(y)#0. Proposi-
tion 5.10 implies that the phase curve R>7— x"~'® intersects .o/ N U.
Then the canonical curve &:R3 7 h(x" '®@)eR? through y intersects
h(of "U)={sv*:0<s<1} < int(hen) U |hon|. On the other hand, ye
ext(hon) implies that &(z) € ext(hon) for all e R. This is a contradiction.

4. We remark that A(</)n (int(hon)\{(0,0)"}) is closed in
int(hon)\{(0,0)”} in the relative topology of this set.

We claim that /(.o7) N (int(727)\{(0,0)”}) is also open in int(hon)\
{(0,0)”} in the relative topology. Let y € (<) n (int(h-5)\{(0, 0)"}). We
have to show that there is an open disk D in R? containing y so that
Dch(of)n (int(hen)\{(0,0)"}). As h~'(y)e/\{0}, Proposition 5.10
implies that there are € o/ " U\{0} and T>0 so that h~'(y)=F(T, ).
Then h(y)eh(o/ n U\{0})=(0,1] v*. From ye int(hon) it follows that
h(y) #v*. So, h(y)=sev* for some s,€(0,1). Let &e(0, min{s,,
1 —so, T'}). Consider the map

g (—ge)x(—ee)a(t,s)—>hF (T+1t,h Y (so+5)v*)))eR?
g is continuous since / is a homeomorphism, F_, is a flow on ./, and
(s9—& sog+¢)v*ch(e/). We want to show that g is also injective. Let
(1Y, sh), (12, s?)e(—¢, &) x(—e &) and assume that g(¢!, s')= g(#% s?).

Without loss of generality, we may assume that 2> t!. Since / is injective,
it follows that

F T+t h Y (so+sY)v¥)=F AT+ 1% h='((s¢ + 5%) v*))
As F_, is a flow on o7, we obtain

h= Y (so+8*) v*)=F (> — 1", h= (s + ") v*)) (9.3)
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Assume that r'#7% Equation (9.3) implies that x=x""'(o+sDo") jg g
t* — t'-periodic solution. By Proposition 5.5, x is slowly oscillating. So,
> —t1>2 follows. On the other hand, the choice of ¢ implies 2 —t' <
2¢<2, a contradiction. Therefore ¢!'=¢2 Then Eq. (9.3) implies that
h= Y ((sg+52) v*)=h""((so+s') v*). Hence s'=s> Consequently, g is
injective.

It follows that g is an open mapping. As g(0,0) =y, we obtain that
g((—e e)x(—e¢€)) is an open neighborhood of y in R2 From
(S9—& 8o +¢&)v*¥ <h(eZ) it follows that g((—e, &) x(—¢, &) =h(.Z). So, if
we choose an open disk D in R? with center at y such that D < g(( —e, ¢) x
(—e &) and D < int(hon)\{(0,0)"}, then D < h(.o7) A (int(hon)\{ (0, 0)"}).

5. int(hon)\{(0,0)"} is an open connected subset of R Therefore,
the only nonempty subset of int(/0#)\{(0, 0)”}, which is both closed and
open in int(hon)\{(0,0)”} in the relative topology, is int(h-x)\{(0,0)"}
itself. Observe that (0, 1) v* =h(./) N (int(fo7)\{(0, 0)”}). This fact and
the results of part 4 yield

h(.7) A (int(hom)\{(0, 0)"}) = int(h=n)\{(0, 0)"}

Using (0, 0)" e h(.Z), |hon| =h(.</) and the result of part 3, we conclude
that

hoZ)=int(hon)u |hoy| =int(hon)

The Schoenfliess theorem [48] gives that int(/4-#) is homeomorphic to the
two-dimensional closed unit disk so that |ho#| corresponds to the unit
circle. This completes the proof. O
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