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We present an approach for the resolution of a class of differential equations
with state-dependent delays by the theory of strongly continuous nonlinear semi-
groups. We show that this class determines a strongly continuous semigroup in a
closed subset of C*!. We characterize the infinitesimal generator of this semi-
group through its domain. Finally, an approximation of the Crandall-Liggett type
for the semigroup is obtained in a dense subset of (C, ||-||,,)- As far as we know this
approach is new in the context of state-dependent delay equations while it is classical
in the case of constant delay differential equations.  © 2002 Elsevier Science (USA)

1. INTRODUCTION

We consider the differential equation with state-dependent delays,

{x’(t) = f(x(t—r(x,))), for =0

Xo=¢peC%,

M

where f is a function from /R into /R and r is a function from C into
[0, M] (here C:=C([—M,0],IR) is the Banach space of continuous
functions from [—M, 0] into IR, endowed with the norm ||, M is a

positive constant). Finally, we denote by x, the element of C defined by

x,(0) =x(t+6), for Oe[—M,O0].
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The notation C%!=C%([—M, 0]; IR) stands for the Banach space of
Lipschitz continuous functions from [— M, 0] into I R, endowed with the norm

lello, 1 = max{liell.., lo"ll}-

Differential equations with state-dependent delays arise in various
applications, in particular, in mathematical ecology and bio-economics, see
notably the work of Bélair [4], Arino et al. [2], and Aiello et al. [1].

Qualitative and quantitative studies of these equations developed actively
within the last ten years. At the qualitative level, Mallet-Paret et al. [8],
Kuang and Smith [7], and Arino et al. [3] discuss existence of periodic
and slowly oscillating periodic solutions. As for the quantitative aspects,
state-dependent delay equations brings specific problems, the Cauchy
problem associated with these equations is not well posed in the space of
continuous functions, due to the non-uniqueness of solutions whatever the
regularity of the functions f and r. Uniqueness holds in C*'; however, the
equation does not yield a strongly continuous semigroup in this space
either (see Section 3, Proposition 5(b)).

In this work, we present an approach by the theory of strongly continuous
nonlinear semigroups. We show that Eq. (1) determines a strongly continuous
semigroup in a closed subset of C*!. We characterize the infinitesimal
generator of this semigroup in terms of its domain. Finally, an approximation
of the Crandall-Liggett type for the semigroup is obtained in a dense subset
of (C, |- |l)- As far as we know this approach is new in the context of state-
dependent delay equations while it is classical in the case of constant delay
differential equations; see Webb [14], and Dyson and Villella-Bressan [6].
For the case of neutral delay differential equations, we refer the reader to
Arino and Sidki [12], and Plant [11].

The paper is organized in six sections including the introduction. In the
second section we recall some basic framework related to semigroup
theory. Section 3 deals with the nonlinear semigroup solution of Eq. (1).
Section 4 investigates smoothness properties of the equation. Section 5 is
devoted to the characterization of the infinitesimal generator of the semi-
group. In the last section we present the result about the Crandall-Liggett
approximation of this semigroup.

2. PRELIMINARIES

Equation (1) can be written in the following form,

{X'=F(xt)

Xo =@,

@
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where

(€) F(p) = f(p(=r(9))), for ¢eC.

Notice that the functional F is defined on C, but it is clear that it is neither

differentiable nor locally Lipschitz continuous, whatever the smoothness of
fandr.
Throughout the paper f and r satisfy part or all of the assumptions:

(H,) f:IR- IRis locally Lipschitz continuous and r: C — [0, M] is
Lipschitz continuous on the bounded subsets of C.

(H,) There exist two constants a and f such that | f(x)| <« |x]|+ S,
for every x e IR.

(H,) The functions f and r are of class C'.
We denote lip(h) the Lipschitz constant of any Lipschitz continuous

function A.
For each k£ > 0 we denote:

lip,(f) = sup {M; o<l bi <k},
|x—yl
tipetr) = sup { O 0 < o, . <},
lo—l.

Finally, we denote C', respectively C?, the space of continuously differentiable
functions on [— M, 0], (resp. twice continuously differentiable functions),
endowed with the natural norm derived from the sup norm.

By a solution of Eq. (2), we mean a function x defined on [—M, a] for
some a positive such that x is continuous on its domain, differentiable on
10, a] and satisfies Eq. (2).

THEOREM 2.1 [8]. Suppose H, and H, hold. Then for each initial datum
@y € C"', Eq. (2) has a unique solution x*°(t) defined on [— M, oo[ .

Remark 2.2. (a) If H, is satisfied, then for every k>0 and every
@, € C*' and ¢, € C such that 0 < ||¢, ., [|¢1]l., < k we have

@) |F(91) — F(po)l < lip (/){lipe(r) lip(@o) + 1} 11 — @o |-

(b) Assumption Hj; is useful in showing that the restriction of F to
the space of C'-functions is continuously differentiable.

We will now recall some definitions and results related to the Crandall-
Liggett approximation.
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DEerNITION 2.3 [13]. Let S(¢),t>0 be a family of operators in a
Banach space X. We say that S(¢), ¢ >0, defines a strongly continuous
semigroup in a closed subset Y of X if

(i) S(¢) is continuous from Y into Y, for each 1 > 0,
i) S0)=1L, S(t+s)=S(t) o S(s), foreach t,5>0,xeY
(iii) ¢+ S(2) xis continuous from [0, oo into Y, for each fixed x e Y.

DEerINiTION 2.4 [13]. The infinitesimal generator of the semigroup
S(¢), t =0, is the operator A4: Y — X given by

1
Ax =1lim " (S(t) x—x),
t—0

defined at each x € Y where this limit exists.

Denote D(A) the domain of 4.

It is well known, see for instance [10, 13], that in the linear case the limit
exists at each point of a dense subset of X. However, in the nonlinear case,
the generator does not exist necessarily and the domain may be empty [5].

DEerFinTION 2.5 [10, 13]. Let X be a Banach space and A4 an operator
defined on a subset of X with values into X. We say that 4

(a) is accretive if |[(I+A4) x—(I +21A4) y| = ||x—y|, for each x, y €
D(A), A>0,

(b) is p-accretive if A+ ul is accretive, for some u > 0.

THEOREM 2.6 [5]. Let A be an operator with domain contained in X. If
there exists pe€ IR, such that A is p-accretive and the range of I+ 14,
denoted R(I + AA), is equal to X for each A > 0 small enough, then

lirr}) T+@/n) A" x:=8(0) x

exists, for x € D(A), t = 0. Furthermore, S(t),t >0 is a strongly continuous
semigroup on D(A) such that

I5() x=S() yll < exp(ut) |x—yll  forevery x,ye D(4),t>0.

3. THE SEMIGROUP ASSOCIATED WITH EQ. (2)

Consider the family of operators 7'(¢), t = 0 defined by T'(¢) ¢ = x?, for
each ¢ € C*', where x?(¢) is the solution of Eq. (2). In the sequel, we will
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show that 7'(¢) is a strongly continuous semigroup in a closed subset E of
c*.
We first show that strong continuity does not occur in the space C%!.

ProposiTION 3.1. Suppose H, and H, hold. Then,
(a) the family of operators T(t), t = 0 satisfies
T0)=1,
and
T(t+s)=T() T(s), Vt,s =0,
that is, (T'(2)), is analgebraic semigroup.

(b) (T(2)),s is not strongly continuous in C*'

Proof. (a) This assertion follows from the existence and uniqueness of
the solution of Eq. (2).

(b) Choose as an initial function
0+M if 06[—M, —%}

M . M
7 if 06[—?,0]

?o(0) =

We select a number ), 0 <7, <% and a second number ¢, 0 << t,, that
will further be moved towards z,. Put x, = x?. We have

M ) M
7 if He[—j—t,—t]
x,(0) = | Y
6+M+t if He[_M’_T_t]'
So, we have
[ M
to—t if fe —M,—j—to}
-M . T M M
(x, —x)(0) = —Q—T—t if 06_—7—%,—7—[]
. [ M
0 if He_—y—t,—to}.
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Observe that || (x;, —X)||z= = 1. Then we have

tlirrtl I7°(20) @0 —T'(2) Pollo,1 = 1.
-1

We conclude that

T(-) @o: [0, o[ = (C*", || lo,1)
t|_)T(t) (p09

is not continuous. More precisely, we have proved that 7'(-) ¢, is not
continuous at any point #, € 10, 2[. |

Note that the example built in b) of proposition 3.1 is independent of the
equation.
We now consider the subset E of C! defined by

(5) E={$eC” :t>T(t) ¢ is continuous from IR* into (C*', || - [lo.1)}-
Remark 3.2. The set E is non-empty, E contains the set

©) Cr={peC':9"(0)=F(p)},

where ¢'"is the left hand derivative. Under the assumption (H,), C;. is a
closed subset of C!, dense in the space C. Moreover, CL is a locally
Lipschitz submanifold of C?, a property that will not used in this work.

ProrposiTION 3.3.
E=CL.
which in particular entails that E is a subset of C'.

Proof. In view of Remark 3.2, it is sufficient to show that
C}oE.

Let ¢ €E, and ¢, > 0. Put x(¢) = x?(z). We start by showing that x; is
equal almost everywhere (with respect to the Lebesgue measure 1) to a
continuous function in [— M, 0]. This will be done in two steps: in step 1,
we show that x; is continuous on [— M +e¢, 0] for any & > 0 small enough,
and in step 2, we show the continuity of x; on [—M, —¢] for any >0
small enough. Continuity on [— M, 0] follows directly.
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Step 1. Note that, ¢ being in E implies that t >7T(¢) p =x, is
continuous from IR* into C*!, which yields two consquences:

(i) continuity of ¢ — x,, from IR* into C;
ii) continuity of ¢ — x/, from IR into L*.
(i) y :

Given ¢>0,n,>1 We define the sequence of functions (g,),>, on
[—M+¢,0] by
(7 2.0) =n [" X'(ty+0—w) diw).
0

The family of functions & = {g,: n>n,} is uniformly equicontinuous. In
fact, for each real 4 small enough and fe[—M+¢ 0] such that
O0+he[—M+e, 0] and ¢, +4h > 0 we have

12,(0) — £,(0 + W) < 17, 45 — X =

In view of (ii) above, we have that |x; ., —x; [l.= goes to zero as & goes
which yields the desired equicontinuity of the sequence (g, ).

Since the functions g,, n>n, are uniformly bounded (|lg,[l., < [Ix},ll.=),
the Ascoli theorem implies that & is relatively compact in C.

x,o(e)—x,o(e—l>
n

1
n

g.(0) =

being Lipschitz continuous, the function x,, is a.e. differentiable, therefore,
for almost every 0 € [— M, 0], g,(0) converges towards x; ().

On the other hand, we have just shown that, for every ¢ > 0, g, converges
to some continuous function g, defined on [—M +¢, 0], we deduce that
x;,is equal a.e. to a continuous function on [— M +¢, 0].

Step 2. In the same manner, substituting [— M, —¢] for [— M +¢, 0],
and
o 0
GO =n[  X(ty+0—uw) diw),
for g,, we obtain that xj is equal a.e. to a continuous function on
[— M, —&]. This holds for any ¢ > 0 small enough.
As a conclusion of steps 1 and 2, we thus established the existence of a

continuous function g on [—M, 0] such that x; = g almost everywhere on
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Since x,, is absolutely continuous it can be written as

® O =x,0+] %0 diw
= x,(0)+| " qu)du, forall 6e[—M,0].

The latter equality, with g continuous, gives that x,, is of class C'.

In particular, x, =@ € C'. On other hand, taking 7, =%, for example,
and taking into account continuity of the right and left derivative of x,,,
at 0 = —%, we deduce that ¢'~(0) = F(¢). |

COROLLARY 3.4. Let ¢ € E: x = x*. Then x is of class C' on [— M, +o[.

ProrosiTION 3.5. Suppose H, and H, hold. Then for each t, >0,k >0
and for each @ and  of C*" such that ||¢||,, |V, <k, we have

@) ITO@)=TOWlo,» <max{n, 1} exp(n) lo—ylo1,  VEe[0, 4],

where

(10) n=n(p, k, to) = lip, (f){lip, (r) po +1},
1D 0 =20(®, k, 1) = lip(¢) + ol Bty + k) exp(aty) + B,
and

(12) 71 =1k, tg) = (Bty +k) exp(aty).

Proof. Given t,>0,k>0, let ¢ and Y be two elements of C*' such
that |||, <k, |V, <k. For each t€[0,¢,], if x=x? is the solution of
equation (2) with initial datum ¢, we obtain

t
13) Ix()] < |x(0)] +L |F(x,)| dv.
From assumption H,, we have

(O < XO)|+ [} @ o+ ) do.
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So,
t
o) <llgho + | @lxill+B)dv.  0<s<,
Then,

t
e leo < Mo lec +L (¢ [x,ll + B) dv.

By the Gronwall lemma, we obtain

Ix%lloe < Cllxolloe + B2) exp(or),
and also, for 0 << ¢,
(13) %71l < (k+ Bto) exp(aty),

for each ¢ € C*' ||¢||., < k. From inequality (13), we have

d
(14) ‘E x2(0) (= IF(xD) < olIx? )l + B

<o Bty +k) exp(aty) + B, foreach ¢eC"!,
such that |¢|,, < k.

Using (4), we obtain
|F(x?)=F(x)l <17 [1x7 = x! 1o

where 7, y,, and y; is defined in Proposition 3.5 by (10), (11), and (12).
From the inequality

t
I? =t < lp—=Vlho + || [FGe) = et ds,
we deduce that
v ! v
R N N e

Using again the Gronwall lemma, we obtain

Ix? =Yl <exp®?) lo—¥l.,  0<t<t,.
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‘We also have
d d
2?1 — — V¥ = |F(x?)— F(x"
() = X0 = [F(e) = Fx!)
<7 lxf —x!|l,,
<nexp(nt) lo—vYlo, 0<tI<t,.

By combining the above inequalities and using monotonicity of the function
exp(nt), we deduce the desired estimations. |

Note that for each ¢, ¢,, Y, ¢ and # taken as in Proposition 3.5, we have

Ix? = x"llco1 g0, 1) < max{n, 1} exp(to) o — .,

Remark 3.6. From the proof of the above proposition, we deduce that
if f and r are Lipschitz continuous and if |f| is bounded by a constant
p >0, we have

IT()(@) =T W)llo,1 < maxin, 1} exp(nt) o —llo,1
t=0, foreach ¢,y € C*',

where 1 = (¢, p) = lip( £ ){lip(r)lip(p)+p)+1}.

COROLLARY 3.7. Assume assumptions H, and H, be satisfied. Then, E is
closed and the restriction of the family of operators T(t),t =0 to E, also
denoted T(t),t = 0, is a strongly continuous semigroup on E.

For brevity, we will occasionally use the word semigroup to mean “strongly
continuous semigroup”’.

ProrosiTiON 3.8. Suppose H, and H, hold. Then, for each t € [M, 0],
the operator T(t) is completely continuous on (E, |- [lo,1).

Proof. Given t = M. Continuity of T(¢) is taken from Proposition 3.5.
Then, we only have to show that the operator is compact.

Let B be a bounded subset of E. We will show that 7'(¢)(B) is relatively
compact. We denote p = sup {|l¢llo,,: ¢ € B}.

If @ € B, and x(¢) = x*(¢), is the solution of Eq. (2), then procceding in
the same manner as in (13), (14), and (15), we obtain

{ Il < (B2+p) exp(ar) =i,
Ix'()] < a( Bt + p) exp(ar) + B
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Thus,

(16) [x e < a( B2+ p) exp(ar) + B = p,.
On the other hand,
|x'(24+6,) —x'"(t+0,)| = |[F(x,10,) — F(x,14,)|
<lip, (OUip, (Do +p) + 1} X100, — X146, |
<lip, (fN1ip,, (r)(yo+p)+1} 3o 161 —0s].

We deduce that the family {(x?)": ¢ € B} is uniformly Lipschitz continuous
with the Lipschitz constant

17 Ly <lip, (/){lip,, () (yo+p)+1} yo.

The Ascoli Arzela theorem applied to the family # = {(x?, % x?) : ¢ € B}
for each #> M implies that »# is relatively compact in C xC. Then
{x?: ¢ € B} is relatively compact in C' for each 7> M. The conclusion
follows from the fact that E is a closed subset of C'. |

4. SMOOTHNESS OF THE SOLUTION OF EQ. (2)

Let E, be the set defined by

(18) E ={peC':9'eC" and ¢'(0) = F(p)}

ProrosiTiON 4.1.  Suppose assumptions H,, H,, and H, hold. Then, for
each @, € E, the solution x := x? of (2) is C* on the interval [0, o[ . More-
over, if we denote x" the second order derivative of x, then we have

(19 x"() = f'(x(t—r(x)) x'(t—=r(x){1—=Dr(x,) x;},  t>0.

In order to show this result, we need the following lemma:

LemmA 4.2.  Suppose assumption H; holds. Then, F |1, the restriction of
F to C'is of class C'. Moreover, if we denote by L, the derivative of F|c' at
o, then

Lo, () = f'(@o(—1(@o)){Y(—1(90)) — 95 (—1(90)) Dr(9o) ¥},
foreach YeC',

where Dr: C - £(C; IR) is the Frechet derivative of the function r.
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Proof of Lemma 4.2. Let ¢ and ¢, betwo elements of C'. Using the
Taylor expansion of f in the neighborhood of ¢,(—r(¢,)) yields

F(9)—F(9o) = f'(@o(=1(9)){@(—=1(9)) — 9o (—1(5)) }
+o(|p(—=1(9)) — o (=1(@o))]),

We then note that
P(—1(9)) — o (—1(90)) = (p(—1(9)) —po(—1(9)))
+ (@ (=1(9)) — o (—1(p))-

The first expression on the right can be decomposed as

(20) (@p(=7(9))—@o(—1(9))) = (¢ — P )(—7(9,))
—(@—90)" (=1(90))(r(®) —1(9))

+([! 0=00 (rion+100) 1t

— (@ =) (=1r(90)) d)(r(¢) —r(,))-

The integral term is of the order of o(r(¢)—r(¢,)) when ¢ is close enough
to @, in C'. On the other hand, we have

r(@) = r(@o)| < I1Dr(@o)ll #ic; 1w 19 = @0l + 0(ll — ol )

so,

21 (p(=1(®)) —@o(—1(9))) = (@ — o )(—7(p0))
—(@—90)" (=1(90)) Dr(po)(® —po)
+o(ll¢ — @ollo, 1)

which reads

22)  (o(=r(@)) = @o(=1(9))) = (¢ = @o)(=1(90)) +o(lo = Pollo, 1)-

Using now the Taylor expansion of ¢, at —r(¢,), we have

(@o(—1(9)) — Po(—1(90)) = o (—1(p0))(r(90) — ()
+o(|r(po) —r(9)])
= @o(—1(9,)) Dr(po)(@ — o)
+o(llo—@ollo,1)-
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Putting all these quantities together, we obtain

(23) F(9)=F(9o) = f"(@o(=1(@)){(@ — 90)(—7(95))
+95(=7(90)) Dr(9o) (@ —9o)}
+o(llo —ollo, 1)

which shows that F is differentiable at ¢, in C' and

Ly, () = [ (@o(=1(@) DY (=1(90)) + @0(—1(0,)) Dr(9o) Y/}

Clearly the formula shows that the map ¢, — L, is continuous, which
yields that the restriction of F to C' is of class C'

Remark 4.3. One can improve the result of Lemma 4.2 to obtain the
following result: Under the assumption H,, for each ¢, e C', R>0 and
&> 0, there exists p(&) > 0, such that @ € C', ||¢ — @, < (&) and [|(¢ — @)l

< R, imply that |[F(¢) — F (o) — L, (¢ — @) < eR [ — @y .-

Proof of Proposition 4.1. Let ¢, € E;(where E, is defined in (18)). It
follows that x = x* is C' on the interval [— M, co[. Given ¢ >0 and & > 0,
we have

lip(po) +sup{|x'(1)| : se [- M, t+¢]} = p < 0.

For each real number 4 small enough such that || <e and t+h >0, we
have

X'(t+h)—x'"(t)  F(x,.,)—F(x,)
h N h

@4

X, on—X, 1
= L (B4 o= )

We will show that
(25) 1% 41— Xcllo,1 = O(h).
Recall that
1%, 4 = Xcllo, 1 = max{llx, s — X llos 17 — X7l }
and observe that

1%, 41 — X:|l.o = sup{|x(t+h+6)—x(:+6)|: 6 e [— M, 0]}
<p Al
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To conclude, it is then sufficient to show that there exists a constant K >0
such that

(26) 17— Xl < K |Al.

From inequalities (4), (13), (14), and (15), there exists a constant # > 0 such
that

Q27 |F(x,)—F(x)| < |lx,—%x¢|loo5 foreach s,s €[0,¢+1].
Letf0e[—M,0].

First Case. t+60>=>0.Ift+60+h >0, then

x14(0) = XL ()] = |1F (X, 1 p40) — F(X,10)]-
From (27), we deduce that
X7 (0) = XL (O] < 7 1% 4510 — X100
Thus,
x4 (0) =X (D) < np |h].
Ift+6+h <0, then t+6 < |h|, and

(28)  |x144(0) —x1(O)> = | (t+ 6 +h) — F(x,,)]
<lpo(t+0+h)—@o(0)+F(xo) — F(X,40)l
< plt+0+h+n x40 — Xollo
<2p |hl+np |h|.

Then we have
x714(0) —x1(0)] < 3p max(1, n) |Al.
Second Case. t+0 < 0. Similarly as in the first case, we obtain
x714(0) —x1(0)] < 3p max(1, n) |Al.
Then
X7 =il < 3p max(1, ) |Al.

Hence, the claimed inequality (26) holds with K = 3p max(1, #).
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Finally, using Eqgs. (24), (26), and Lemma 4.2, we obtain

29) lim x'(t+h)—x'(2)

h>0 h

= lim f'(x(t—r(x,)

X {(%) (=r(x))—x'(t—r(x,)) Dr(x,) <%>}

= f'(x(@=r)){x'(t—r(x,)) —x'(t—r(x,)) Dr(x,) x;}.

Since the second quantity in the right hand side of expression (28) is con-
tinuous with respect to ¢ > 0, we deduce that x” exists and is continuous at
each point ¢ > 0. Moreover, we have

x"() = f'(x(t—=r(x))) X't —r(x){1—=Dr(x,) x;}, t=0. 1

COROLLARY 4.4. Suppose that H,, H,, and H, hold. For each ¢, C*!
the solution x* of Eq. (2) is C* on the interval [M, oo[. Furthermore, the
second order derivative of x*° is given by formula (19).

Proof. Let ¢,eC®', and t> M. We know that x, :=x? is C' and
satisfies the condition: x/(0) = F(x,). Moreover, (17) implies that x, e C*".
Then using Proposition 4.1, we conclude that £ x*(¢) is differentiable at
eacht>M. |

COROLLARY 4.5. Suppose that H,, H,, and H; hold. For each
@, € C, x?° (where x*° is any solution of Eq. (2) with ¢, as initial function) is
C? on the interval [2M, oco[. Moreover, the second order derivative of x® is
given by formula (19).

Proof. Let ¢, e C*!, and t=2M. If x* is a solution of (2), we have

x?(t) = xx:?(t—M ). By Corollary 4.4 and the fact x% € C!, we conclude
that £ x is differentiable at each t > 2M. |1

5. THE INFINITESIMAL GENERATOR OF THE SEMIGROUP

In this section we characterize the infinitesimal generator of the semi-
group T(¢), t = 0, that is to say, the operator 4 defined as

Ap =lim

N0

T@) p—o
t
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when this limit exists, in C*!. Clearly, Ap = ¢’. What makes 4 unique is its
domain, that is, the set

T(t
D(A)={(peE: lim
N

Defining the set
E,={peC?:97(0)=F(p) and 9"~ (0) = L,(¢")}
we have the following
ProrosiTiON 5.1.  Suppose H,, H,, and H; hold. Then,
(30) D(A) =E,.

Proof. Observe that ¢ € D(A) if and only if there exists y € C*' such
that

(31) lim M_,p =0
N0t t ©
and
. d (T(t)p—o _
tlil(?' %< t _l// L°°_O’
that is,
"(t+ - (-
(32) fim [UFEXC) ],
N0t t e

where x’' =2 x?. We know that (31) is equivalent to ¢ € C',¢’ =y and
¢'(0) = F(¢) (see [ 14, Proposition 3.17]).

We start by showing that each element of D(A) is of class C* Let
@ e D(A). Set x=x% let (¢,),5, be a decreasing sequence of positive
numbers, with lim,_, ., ¢, =0, and denote {, = (x'(¢,+ -)—x'(-))/t,. From
(32) we deduce that ({,) is a Cauchy sequence in L®. We know from
Proposition 3.3 that the solutions starting in E are C' on their domain.
Denote {=1lim,_, {,. Since {, converges almost a.e to ¢” (¢” is the
derivative of ¢"), then ¢” ={ So, ¢” is continuous. Proceeding as in the
proof of Proposition 3.3 (see (8)) we deduce ¢’ € C', so ¢ is C*
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We now prove that ¢’ (0) = L,(¢").
The functions in formula (32) are continuous, thus the converence holds
in C, that is, we can write

lim [CUFD=XCO
ot t © ’
in particular, we have
"(1)—x'(0
(33) ,‘i%i M_(p"(o)‘ =0.

By using Proposition 4.1, Lemma 4.2, and (33) we deduce that
9" (0) = L,(9").
Thus, we have proved that
D(A) cE,.

Conversely, let ¢ € C* be such that ¢~(0) = F(¢), and ¢"(0)=L,(¢").
Proposition 4.1 implies that the solution x of the equation (2) is twice
continuously differentiable on the interval [— M, oo[. One deduces that
(30) and (31) are satisfied with iy = ¢’. This completes the proof of the
proposition. ||

CoRrROLLARY 5.2. Suppose H,, H, and H, hold. If we choose an initial
datum @ € D(A), then the solution of (2) x? is C* on the interval [— M, oo[ .

CorOLLARY 5.3. Suppose H,, H,, and H, hold. Then, we have:

(@ T@t)(E,) < E,, foreacht>=0.
(b) T(¢)(C"')<SE, foreacht>2M.

From Proposition 4.1, we can deduce the following result.

ProposITION 5.4. Suppose H,, H,, and H; hold. Then, the closure of the
domain E, in the space (C*', || - |o.,) is the set E.

The proof of Proposition 5.4 hinges on two auxiliary results.
Let us first introduce further notations:

Co=1{peC':9(0)=0}
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Cj is the subspace of C', defined by
(34 Co={peC':9,9'eC},
A, is the operator defined in C|, by

a5) D(4y)={peCi: 9" eCq}
A(p) =¢".
LEMMA 5.5. For each ¢ € C;, we have

(36) lim (T —240)~" ¢ —ll, =0,

where |- ||, is the norm of the space C', defined by

loll, = max{llgll, ¢l }
Proof of Lemma 5.5. 1t is known (see, for example, [14]) that
{y'(t) =0
Jo=¢@

determines on C (first) and on C, (by restriction) a C,-semigroup 7;(?),
which has the operator B, defined by

{D(Bo) ={peCy:9'eCy}
Bo¢=¢',

as an infinitesimal generator. On the other hand, the operator

F:Cp— C(IJ

o[ o(s) ds

is an isomorphism between (C,, ||-||,,) and (Cy, |- |I;)- It is not difficult to
see that the family of operators defined by

S(t)=FoTy(t) o #7, foreach >0,

is an C,-semigroup. We prove that S(¢) has A4, (the operator defined on C; by
(35)) as an infinitesimal generator. Let y € C. Then lim,,+ ((S(¢) Y —¥)/¢)
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exists in (C3, ||-|l,) if and only if lim, o+ ((Ty(¢) o £ W — # W) /1) exists in
(Cos I llo), €. : F W e D(B,). Since, # " = —y’, we deduce that  is in
the domain of the infinitesimal generator of S(¢) if and only if € D(4,) and
lim, o+ ((S() Yy =) /1) = #(B, £ W) ='. We deduce that 4, is the infini-
tesimal generator of the C,-semigroup S(¢). The result follows from the
Hille-Yoshida theorem (see, for example, [9]). |

We now introduce a function y defined on ]—oo, 0] with values in
[0, 1], and satisfying the following properties

(i) xisC?
(i) x(9)=0ifs¢[—1,0],
37 (i) x(s) <1,
@) x0)=1,
V) x'(0)=0.
LemMma 5.6. If y satisfies conditions (1)—(v) of (37), then

(@) The function

¥, :[-M,0] — IR

(38) 6 /6
0|—>;)(< >,

&
is bounded independently of ¢ > 0.

(b) The function I, ; ,, of C'([—M, 0], IR) defined, for all (a,b, ¢) €
IRXIRXIR* by

1 2
Io0,0(0)=aly <§>+§b%x<§>, forall Oe[—M,0],

converges to zero in the space (C, |- |,), as (¢, a, b) tends to (0, 0, 0).

Proof of Lemma 5.6. (a) Let ¢>0,0e[—M,0]. If < —1, then
2&=0.1f% e[ -1, 0], then
‘ <9>
<(xl =
€

()

So, we deduce that ||Z, |, <1, for each ¢ > 0.

<L
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(b) Notice that I is, for each fixed value (a, b, &) e IRX IR x IR}, of
class C! on [— M, 0]. We will evaluate I 5 (- )ll;- From (a), we have

(Erzeea i (3)

1
<8|a|+§£|b| M.

0
(39) 0@ < elal |- x

and

d

r

F(a b, s)(e)‘

0 6 ,(0 o (6N, 1,0 /6
ay +a-— ){ +b- X +§b;x p
, Q 1 6 ,(6\||¢
X : 4 e

; .
In the same way as in (a), one can show that the function 6 — |¢ x'(9)| is
bounded independently of ¢ > 0. We have

O (Dl<ix
gxg\Xoo'
o /6

#7\&)|S

< |a|+¢ |b|+]al E

We also have

l12¢"llo -

Moreover,

Thus, we deduce that

(1) L', (9)‘ lal+e& 6] +al sup |x|+ || sup 1],

‘d&)

and we have the convergence of I to 0 in C', as (a, b, &) — 0.

Proof of the Proposition 5.4. Let ¢ € E. Our goal here is to approximate
this function in (C®', ||-[lo.;), by a sequence of functions in E,.
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For each ¢>0,ae IR, and b e IR, we define the functions ¢, and ¢, , ,
by
$.(0) = (I —e4,) ™" ($9)(6) +64'(0) +¢(0),

42)
¢£,a,b(0) = ¢£(0)+F(a,b,e)(0)7 0 € [—M, 0],

where ¢,(6) = ¢(0) —0¢'(0)—¢(0), 6 € [— M, 0]. Lemmas 5.5 and 5.6 imply
that

43) lim g—d, .0, =0.

Given & > 0. From property (43), there exist & = &(&) >0, a; = a,(&) >0,
and b, = b,(&) > 0, such that

(44) l6—¢. .0l <&  foreach (e, a,b)eB,,
where
B, =10, 1x[—a;,a]x[—by, b;].

So, it is sufficient to determine(e, a, b) € B,, such that ¢, , , € E,. Observe
that the functions ¢, and ¢, ,, are C* and satisfy ¢,(0) = ¢(0), ¢,(0) =

¢'(0), ¢7(0) =0, (d/db) ¢, ,,,(0) =a+¢'(0) and (d*/db?) ¢, ,,(0)=b/e.
This implies that ¢, , , € E, if and only if (i) and (ii) hold at the same time
where

@ ¢'O)+a=F(4. .5
(11) % = L¢£’ ab (% ¢£, a, b)'
The end of the proof is done in two parts. First, we look for the elements

of the set B, which satisfy (i). Second we show that amongst these elements
there exists at least one element for which (ii) holds.

Claim 1. There exist 0 < b<b,,0<&<eg, such that for each (¢, b) € B,
=10, &] x[ —b, b]. Equation (i) has at least one solution a.

We have to solve equation G(e, a, b) =a, (¢, a,b) e B;, where G is a
function defined from B, into IR by G(e, a, b) = F(¢, , ,) —¢'(0).
We now consider the sequence of functions defined by
an(aa b) = G(Es an—l(sa b)a b)
ay(e,b)=0.
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We show that there exists (&', b") € ]0, ¢, ] x ]0, b, ] such that the sequence

of functions (a, (¢, b)), converges to a function d(e, b) which is continuous
in b, on the set 10, &']x [ —&’, b']. We have

(45) lim sup {‘2 G(e,a,b)
e—0 6a

;a€[—aj,a]etbe [_blabl]}=0

In fact, Lemma 4.2 implies that the function G is differentiable with respect
to @ and

0 )
(46) 5 Gl a. b)=L¢a’a’b<(~)x<E>>.

Lemmas 4.2 and 5.6 and inequalities (4), (44) imply that for A small enough

‘F<¢s,a,b+ﬂ‘(')x<é>>_F(¢s,a,b) .
7 <QH(')X<;>

(48) <e0, foreach (e, a,b)eB,,

(47)

[ee]

where Q = lip,(f){lip,(r) y+1}, and y = (||, + 1). Taking (46) into account,

we deduce
7 (buant i (2))-Flba)

49) ‘— G(e, a, b)‘ = hm p
(50) <e&Q, V(e, a, b) €B,.
This proves (45).

Using the above results we obtain the existence of (&”, ") € ]0, & ] x
[—b,, b, ] such that

(51)
|G(e, a, b)| < a, foreach (e,a,b)e ]0,e"]x[—ay;,a;]x[-b",b"].

From (45), there exists ¢, € ]0, ¢, ] such that
0
(52) sup %G(s,a,b);ae[—al,al]andbe[—bl,bl]

1
<§, foreach ¢€]0,¢,].
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Equation (43) and the fact that ¢ € E, imply that

lim G(e,a,b)=0.

(¢,a,b)—(0,0,0)

Then, we deduce the existence of (&5, b,) € 10, &,] x 10, b, ], such that
(53) |G(e, 0, b)| < 512_1, foreach (&, b)€e ]0,6]1x]0,b,].

So, by combining (52), and (53), we obtain (51), with ¢” =¢; and b” = b,.
From inequalities (51) and (52), we have

(an(gﬂ b))n>0 < [_alsal]a foreaCh (89 b)e](), 83]X[_b27 b2]=]§2a

1 ~
la, (e, b) —a,, (e, b)| <pa1, foreach n>=m>1, (¢, b) €B,.

Since the function G(e, a, b) is continuous in (a, b), and the functions
a,(e, b), n =1, are continuous in b, then the sequence (a, (&, 5))u5 0 converges
uniformly on the set B,, to a function @ defined from B, into [—a,, a,],
continuous in b, and satisfying d@(e, b) = G(e, d(e, b), b), for each (¢, b) € Bz.
Thus Claim 1 holds with &=¢,, b = b,, B, = B,.

Claim 2. There exists 0 <&<& such that if we denote V, ,(b)=
£L¢€‘a‘b(d4‘f9 @s.0.5), a=d(e, b) then equation V, ,(b) =50 has at least one a
solution for each ¢ € ]0, &]

Using the same arguments as in (47) and (50), we can show that there
exists a positive constant Q such that

d
(54 V..a(b)| <eQ HE P }

By differentiating in (42) we have

d

(55) 70

d d
9e0s(0) =25 (T=e40) ™ ($0)(O) +¢"(0)+—5 L0, (6)-

From (41) we obtain

(56)

d ’ 8 ’
d@ r, bs)(a)‘ <8<al +eb, +a, sup |x |+§b2 sup |x |>,
IR IR

foreach (g, a,b)e]0,&e]x[—ay, a;]1x[—b,, b,].
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By using (54), (56), (55), and Lemma 5.5 we deduce that

lim sup {|V, (D] : (a,0) € [~ar, @] x [~ by, b, ]} = 0.

Therefore, there exists ¢, € 10, &; ] such that, for each 0 < & < ¢,, we have

{le,a(b)|<bza (a,b)e[—ay,a;]1x[—by, by ],
|Vs,a(s,b)(b)| < b,, be[—b,,b,].

We conclude that for each fixed ¢ € ]0, &, ], the function V, 4, ,(-): [—b,, b, ]
—[—b,, b,] is continuous and has a fixed point b(¢) in the interval

[_ b 25 b2 ] .
Then the proof of Claim 2 is complete.

To summarize, the values a=da(e, b(¢)) and b=b(¢) determined in
Claim 1 and Claim 2, respectively, are such that

¢e, a,b € EZ and ”¢e, a,b _¢"1 < é

This completes the proof of Proposition 5.4. ||

6. APPROXIMATION OF THE SEMIGROUP

In this section we establish an approximation result of the semigroup
solution, 7'(¢), t > 0 based on the Crandall-Liggett theorem. Our method
uses a technique developed in the case of neutral delay equations by Plant

[11].
In the sequel, for each k>0 and y >0, we denote ||-||; ,, the norm on
C!, equivalent to ||-||,, defined by

1 ’
(57 loll,, = llellos 5 lolle, @eCl,

B, (k) is the ball of centre 0 and radius k > 0 of C', endowed with the norm
|- l;.,- Define the following function

@ if e, <1,
(38) Vie)={ ¢

o lel,, > 1.
llls,, b
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V, is a retraction on the ball of center 0 and radius 1, with respect to the
norm | -||; ,, We also define the retraction to the ball of center 0 and radius
1, with respect to the norm || - ||,

® if Jeoll, <1,
Vie)={ o

i el >1.
lollo.

F, , is the function defined on C' by

(59

o= () () e s

We denote by E* the subset of C! defined by

(60) Ef¥={peC': 9" (0)=F(p)},
where
(61) Fe=Fi i), k-

A¥ is the operator defined on C! by

) D(A") ={peC?: 9"~ (0) = Fi(p)}
Ao =g’

Finally, A4, is the operator defined by

D(4,)={peC?: 9"~ (0)=F(p)},

(63)
Adip=09"

Lemma 6.1. Suppose H, and H, be satisfied. Then for each real k>0
and y > 0, there exists a continuous function F, ,: C' — IR, such that

(@) F()=F, (Y) for each y € B,(k),
(®)

lip(f)
y

where p = p(y, k) = 2 lip,(f)(yk lip(r) + 1).

|F, () —F, (@)l < p ¥ — ol + W' —¢'le  foreach y,peC',
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Proof. Lety>0and k> 0. We have

1 Lo
T W=t =0

if lll,=1  or  [¥l,,>1
W—el, if lel,<1 and |y, <1

The case where |l¢|; , <1 and |y|; , <1 is evident. It remains to discuss
three possible cases :

First Case. If ||lp||,, =1 and |j{[|, , > 1, we have

(64) V(@) =V, (P, <

V(@) =V, = ”n(pnl,y e
1
<ot i W o=+ 11, = ol W

1 ’ ’
< <2 V=0l +2 =o'l )
lol: , y

Second Case. If ||p|; , <1 and || , = 1, we obtain

4
s, ,

{0, =1 el + o =il }

(@) =V, @)l = ”(p—

0

|I!//|I1 y

II!PII {0, = llell,, | el + o — il }

||np||1 y Iy —oll,., + o — il }

”lmll y < ”lﬂ (P”oo - ”'V_(P'”oo )

By the same arguments we show that (64) holds true if |¢|, ,>1 and
[V, < 1. From inequality (64), we deduce that

v (2o ) ()

2
<z W—el.+ —IIlV—(ﬂ'Iloo, foreach y,peC',k>0.

0
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On the other hand, we know from a result obtained in [10] that the
function V satisfies

V(@) =Vle <2 llo—dl-

The function F,,, defined by (59), is the same as the function in
Lemma 6.1. In fact, for each ¢ € B,(k), we have kV,(; ¢) = ¢ and kV (; )
= @. Then, F(¢) = F, ;(¢). Furthermore, using (65), we have

|F, k((ﬂ) Fyk(‘//)|

A )
+ink|(% (o)) (- (# (3+)))
(@) (@)

<lip(f) k{2 lip(r) W — o)
lip(f) {2 W=pl.+ ||¢'—<p'||w}

<lipe( )2k lipe(r) +2} 1 — ol + p"(f 52D e .

forallp,yeC'. |

THEOREM 6.2 (11). Suppose that there exist constants y> 0,0 =0, and
0<y, <1such that

|F(@)—FW)
<ylo—yl,+7, sup {exp(—a0) lp'(O)—¥' (O},  foreach ¢, $eC.

0e[-M,0]
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Then the operator A, generates a shift semigroup T,(t) in the sense of
Theorem 2.6, on the set E. Moreover, the function x(t; @) defined, for each
@ €E, by

@(2) if —M<t<0

s "’):{(Tl(r) P)NO0)  if >0,

is the solution of Eq. (2).

THEOREM 6.3. Suppose that H, and H, hold. For every ¢ € E and
ty >0, k > 0 such that ||@|l; iy 1)1 < Kk, we have

lim

n— o0

([d_iAb>_ (p—T(t)(pH =0, foreach te[0,¢t,],
1

where b= b(ty, k) = (a/(lip,(f)+1)+1)(Bt, + k) exp(aty) +(B+k)/(lip,
(SH+D.

Proof. Let k>0, >0, and ¢ €E, such that ||¢[|; ,.s)+1 <k. Denote
by b, the number b(t,, k) given in Theorem 6.3. Observe that ¢ € E®. From
Lemma 6.1, the function F, satisfies the conditions of Theorem 6.2. Then
the operator 4° generates a shift semigroup 7'°(¢), in the sense of Theorem
2.6, on the set E. Moreover, the function

W)= {(T”(t) )©0) if >0

Q) if —M<t<0,
satisfies
(1) = F,(y(1)), t=0
66) {y( )= F,(¥(?))
Yo = @.

If x = x? is the solution of Eq. (2), then
(67) (O] < x|+ 1FGx)] do.

From inequalities (14) and (15) we obtain

B+l1lell

(68) lipe( /) +1

Il < (Bty + k) exp(aty) +

_ .
lip(f)+1 lip(f)+1
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We deduce that for each 7 € [0, ¢, ]

[0 4
69 ; S\l (H+1
(69) ||xt||1,llpk(f)+1\<lipk(f)+1

=b.

B+k

+1 > (Bty+k) exp(aty) +m

Lemma 6.1 and inequality (69) imply

(70) x'(t) = F(x,)
= F,(x,), foreach 1€e[0,1z,].

From (70) and the uniqueness of the solution of (66) we conclude that
x(2) = y(1), foreach re[0,¢,],
and

T() o =T"®1) @, foreach re[0,2] |
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